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CHAPTER 1

Tutorial problems

1.0. Revision material on real numbers

Mark the following statements as True/False:

400 and —oo are both real numbers.

The set of all even natural numbers is bounded.

The set {x} is an open interval for every = € R.

The set {2/m|m € N} is bounded above.

The set {2/m|m € N} is bounded below.

Union of intervals is also an interval.

Nonempty intersection of intervals is also an interval.

Nonempty intersection of open intervals is also an open interval.
Nonempty intersection of closed intervals is also a closed interval.

) Nonempty finite intersection of closed intervals is also a closed interval.
) For every x € R, there exists a rational r € Q, such that r > z.

) Between any two rational numbers there lies an irrational number.
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1.1. Sequences

(1) Using (e-N) definition prove the following:
o oo 10
(i) lim — =0.

n—oo M
(ii)

lim =
n—oo Sn;gl

2 . |
(ifi) lim oV sin(nt) _
n— oo n-+1

1
(iv) lim (2 _I* ):0.

n—oo \ N+ 1 n
(2) Show that the following limits exist and find them :

@) lim (= ).
nsoo \n2+1 n24+2 n?4+n

s n!
(i) Jim (n>

3 2 1
(iif) lim <n—|—3n—|—>

n—oo \ n+8n2 + 2
. . 1/n
(iv) nl;rrgo (n) \/»

, cosm/n
O\ T

(vi) lim (v (Vn+1-+vn)).

(3) Show that the following sequences are not convergent :

n2

) {=" b

o {1

(4) Determine whether the sequences are increasing or decreasing:

0w,

gngn
CRE 0N
5n+1 n>1

(i) {1;2”}02.

(5) Prove that the following sequences are convergent by showing that they are
monotone and bounded. Also find their limits :

1 2
i) a1 =1,ap41 = 3 an—i-a— for all n > 1.

(

(i) a =2, pi1 = \/m for all n > 1.

(iii) a1—2 an+1—3+?foralln>1
(6) If hm a, = L, find the following : hm Gpt1, lim |an]-
(7) It hm a, = L # 0, show that there ex1sts ng € N such that

n—oo
\LI

lan| > for all n > ny.

(8) If ap, > 0 and lim a, = 0, show that lim at/* = 0.

n—oo n—oo
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(Optional: State and prove a corresponding result if a,, — L > 0.)
(9) For given sequences {a,}n>1 and {b,}n>1, prove or disprove the following :
(i) {anbn}n>1 is convergent, if {a,},>1 is convergent.
(i) {anbn}n>1 is convergent, if {a,}n>1 is convergent and {b,},>1 is bounded.
(10) Show that a sequence {ay, },>1 is convergent iff both the subsequences {agp }n>1
and {a2n+1}n>1 are convergent to the same limit.
Supplement
(1) A sequence {ay,}n>1 is said to be Cauchy if for any € > 0, there exists ng € N
such that |a,, — a,,| < € for all m,n > ng.
In other words, the elements of a Cauchy sequence come arbitrarily close to each
other after some stage. One can show that every convergent sequence is also
Cauchy and conversely, every Cauchy sequence in R is also convergent. This is
an equivalent way of stating the Completeness property of real numbers.
(2) To prove that a sequence {ay},~, is convergent to L, one needs to find a real
number L (not given by the sequences) and verify the required property. However
the concept of ‘Cauchyness’ of a sequence is purely an ‘intrinsic’ property which
can be verified purely for the given sequence. Still a sequence is Cauchy if and
only if it is convergent.
(3) In problem 5(i) we defined

1 2
ag=1,an41 = i(a" + —) foralln>1.

n
The sequence {ay },~; is a monotonically decreasing sequence of rational numbers
which is bounded below. However, it cannot converge to a rational (why?). This
exhibits the need to enlarge the concept of numbers beyond rational numbers.
The sequence {a,},~,; converges to v/2 and its elements a,’s are used to find

rational approximation (in computing machines) of v/2.
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1.2. Limits, continuity, differentiability
(1) Let a < ¢ < band f,g: (a,b) — R be such that lim f(z) = 0. Prove or disprove
r—c

the following statements:

(i) lim [f(z)g(z)] = 0.
(ii) hm[ (x)g(x)] = 0, if g is bounded.
(iii) hm[ (x)g(z)] =0, if lim g( ) exists.
(2) Let f R — R be such that hm f(z) exists for & € R. Show that

limn (o + ) — (o~ )] =0,

Analyze the converse.
(3) Discuss the continuity of the following functions :

U)ﬂ@=$n%ﬁx#0wdﬂm:
w)ﬂ@—xwﬂyﬁz¢0mdﬂ)

ﬁ if 1<xz<?2

(2]
(iii) f(z) = 1 if x=2

Vo—zx if 2<2x<3
(4) Let f:R — Rsatisfy f(xz +y) = f(x)+ f(y) for all z,y € R. If f is continuous
at 0, show that f is continuous at every c € R.
(Optional Show that the function f satisfies f(kx) = kf(x), for all k € R).
(5) Let f(x) = 22sin(1/z) for x # 0 and f(0) = 0. Show that f is differentiable on
R. Is f/ a continuous function?
(6) Let f: (a,b) — R be a function such that

|[f (@ +h) = f(z)] < Cln|*

for all z,o + h € (a,b), where C' is a constant and o > 1. Show that f is
differentiable on (a,b) and compute f (z) for x € (a,b).
(7) If f: (a,b) — R is differentiable at ¢ € (a,b), then show that

. fle+h)—flc—h)
hlg(r)l+ 2h

exists and equals f (¢). Is the converse true ? [Hint: Consider f(z) = |z|.]
(8) Let f: R — R satisfy

fx+y) = f(x)f(y) for all z,y € R.

If f is differentiable at 0, then show that f is differentiable at every ¢ € R and
F(e)=F(0)f(c).
(Optional Show that f has a derivative of every order on R.)
(9) Using the theorem on derivative of inverse function. Compute the derivative of
(i) cos7tz, -1 <z < 1.
(ii) cosec™tz, |z| > 1.
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d
(10) Compute d—y, given
T

y=1r (2;_;11)andf/(x) = sin(z?).

Optional Exercises:

(11) Construct an example of a function f : R — R which is continuous every where
and is differentiable everywhere except at 2 points.
1, if x is rational,

(12) Let f(z) = 0, if x isirrational.

Show that f is discontinuous at every c € R.

T, if x is rational,

(13) Let g() = { 1—=2, if =z isirrational.

Show that g is continuous only at ¢ = 1/2.
(14) Let f : (a,b) — R and ¢ € (a,b) be such that lim f(z) > «. Prove that there

r—c

exists some § > 0 such that
flc+h) > aforall 0<|h| <.

(See also question 7 of Tutorial Sheet 1.)
(15) Let f: (a,b) — R and ¢ € (a,b). Show that the following are equivalent :
(i) f is differentiable at c.
(ii) There exist § > 0 and a function €; : (—d,d) — R such that limp_,g€1(h) =
0 and
fle+h) = f(c) + ah + her(h) for all h € (=6,0).
(iii) There exists a € R such that

Y CEE R

h—0 ‘h|
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1.3. Rolle’s and mean value theorems, Maximum/Minimum

(1) Show that the cubic 3 — 6z + 3 has all roots real.

(2) Let p and ¢ be two real numbers with p > 0. Show that the cubic 2° + pz + ¢
has exactly one real root.

(3) Let f be continuous on [a,b] and differentiable on (a,bd). If f(a) and f(b) are
of different signs and f’ (z) # 0 for all z € (a,b), show that there is a unique
xo € (a,b) such that f(xg) =0.

(4) Consider the cubic f(z) = 2° + px + ¢, where p and ¢ are real numbers. If f(z)
has three distinct real roots, show that 4p3 + 27¢? < 0 by proving the following:

(i) p<O.
(ii) f has maximum/minimum at ++/—p/3.
(iii) The maximum/minimum values are of opposite signs.

(5) Use the MVT to prove |sina — sinb| < |a — b| for all a,b € R.

(6) Let f be continuous on [a, b] and differentiable on (a, b). If f(a) = a and f(b) =
show that there exist distinct ¢y, ¢o in (a,b) such that f (¢1) + f (c2) = 2.

(7) Let a > 0 and f be continuous on [—a, a]. Suppose that f'(z) exists and f () < 1
for all z € (—a,a). If f(a) = a and f(—a) = —a, show that f(0) =0
Optional: Show that under the given conditions, in fact f(x) = x for every x.

(8) In each case, find a function f which satisfies all the given conditions, or else

show that no such function exists.

(i) f ( ) >0 for all z € R, f(0) =1, f( )=

(ii) f ( y>0forallzeR, f(0)=1, f(1)=

(iii) f ( )>0forallz e R, f(0)=1, f(z) < 100 forall z >0

(iv) f(z) >0forallz e R, f(0) =1, f(z) <1forall z <0

) Let f(z) = 1+ 12|z — 322. Find the global maximum and the global minimum

of f on [—2,5]. Verify it from the sketch of the curve y = f(x) on [-2,5].

(10) A window is to be made in the form of a rectangle surmounted by a semicircular
portion with diameter equal to the base of the rectangle. The rectangular portion
is of clear glass and the semicircular portion is to be of colored glass admitting
only half as much light per square foot as the clear glass. If the total perimeter of
the window frame is p feet, find the dimensions of the window which will admit
the maximum light.

9
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1.4. Curve sketching, Riemann integration

(1) Sketch the following curves after locating intervals of increase/decrease, inter-
vals of concavity upward/downward, points of local maxima/minima, points of
inflection and asymptotes. How many times and approximately where does the
curve cross the z-axis?

(i) y =223 + 222 — 22 — 1.
y z?
(i) y = PN
(iii) y = 1 + 12|z| — 322,z € [-2,5].
(2) Sketch a continuous curve y = f(x) having all the following properties:
F(=2)=8,£(0)=4,f(2) =0,/ (2) = f (-2) = 0;
f(z)>0for |x| >2,f (x) <0 for |z| < 2;

f(x) <0 forz <0and f(x) >0 for z > 0.

(3) Give an example of f:(0,1) — R such that f is
(i) strictly increasing and convex.

(ii) strictly increasing and concave.
(ili) strictly decreasing and convex.
(iv) strictly decreasing and concave.

(4) Let f,g : R — R satisfy f(z) > 0 and g(x) > 0 for all z € R. Define h(z) =

f(z)g(x) for x € R. Which of the following statements are true? Why?
(i) If f and g have a local maximum at x = ¢, then so does h.
(ii) If f and ¢ have a point of inflection at x = ¢, then so does h.

(5) Let f(z) =1ifz €[0,1] and f(z) = 2 if z € (1, 2]. Show from the first principle
2
that f is Riemann integrable on [0, 2] and find / f(z)dz.
0
(6) (a) Let f : [a,b] — R be Riemann integrable and f(z) > 0 for all = € [a,]].
b

a

show that f(x) =0 for all = € [a, b].

(b) Give an example of a Riemann integrable function on [a, b] such that f(z) > 0
b

for all « € [a,b] and / f(z)dz =0, but f(z) # 0 for some x € [a, b].

b
Show that / f(x)dx > 0. Further, if f is continuous and / f(z)dx =0,

a
(7) Evaluate lim S,, by showing that S, is an approximate Riemann sum for a
n—oo

suitable function over a suitable interval:

. 1 - 5
(i) Sn:Wzl/.
i=1

.. n

@ S0 =2 7
~ 1

i) S, =y ——.

(i) ;\/in—i-nz

(iv) S, =— ) cos—.
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(8) Compute

2

Py voodt
S
(b) %, if for x € R (i) F(z) = /1206 cos(t?)dt (ii) F(x) = /073 cos(t)dt.
(9) Let p be a real number and let f be a continuous function on Raf;at satisfies the

equation f(z+p) = f(x) for all z € R. Show that the integral/ f(t)dt has the

a

a+p
same value for every real number a. (Hint : Consider F(a) = / f(t)dt,a € R.)
(10) Let f:R — R be continuous and A € R, A # 0. For z € R, let

o(z) = i/o F(t)sin Az — £)dt.

Show that g (z) + A2g(z) = f(z) for all z € R and ¢(0) = 0 = ¢ (0).
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1.5. Length, area, volume

(1) Find the area of the region bounded by the given curves in each of the following

cases.
(i) ve+y=1,2=0and y =0.

(i) y = 2% — 222 and y = 22°.
(iii) 2 =3y — y? and z +y = 3.

(2) Let f(z) = x — 2% and g(x) = az. Determine a so that the region above the
graph of g and below the graph of f has area 4.5.

(3) Find the area of the region inside the circle r = 6a cos 6 and outside the cardioid
r = 2a(1 4 cos9).

(4) Find the arc length of the each of the curves described below.
i) the cycloid z =t —sint, y =1 — cost, 0 <t < 2.

)

( x

(i) y = / Veos2tdt, 0 <z < m/4.
) 0

(5) For the following curve, find the arc length as well as the the area of the surface
generated by revolving it about the line y = —1.

3

1
=—+—, 1<2<3
y 3+4x ST=

(6) The cross sections of a certain solid by planes perpendicular to the z-axis are
circles with diameters extending from the curve y = x2 to the curve y = 8 — 2.
The solid lies between the points of intersection of these two curves. Find its
volume.

(7) Find the volume common to the cylinders 22 + y? = a? and y? + 22 = a?.

(8) A fixed line L in 3-space and a square of side r in a plane perpendicular to L
are given. One vertex of the square is on L. As this vertex moves a distance h
along L, the square turns through a full revolution with L as the axis. Find the
volume of the solid generated by this motion.

(9) Find the volume of the solid generated when the region bounded by the curves
y =3 —z? and y = —1 is revolved about the line y = —1, by both the Washer
Method and the Shell Method.

(10) A round hole of radius v/3 cms is bored through the center of a solid ball of

radius 2 cms. Find the volume cut out.
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1.6. Multivariables, limits, continuity

(1) Find the natural domains of the following functions of two variables:
. x
M — _y 2
(ii) log(a? +4?)
(2) Describe the level curves and the contour lines for the following functions cor-
responding to the values ¢ = —3,—-2,—-1,0,1,2,3,4:
(1) flz,y) =z -y
(i) flz,y) = 2® +y?
(ili) f(z,y) =2y
(3) Using definition, examine the following functions for continuity at (0,0). The
expressions below give the value at (x,y) # (0,0). At (0,0), the value should be

3
taken as zero: (i) %
x® +y
.. T~ —
(ii) xym

O I )
(4) Suppose f, g : R — R are continuous functions. Show that each of the following
functions of (z,y) € R? are continuous:
(i) f(z) £ g(y)
i) f(z)g(y)
1

22y?
f(xay) - I2y2 + (.’L‘ _ y)2
Show that the iterated limits

;ggbg5<ayﬂamgg%ugg<ayﬂ

for (z,y) # (0,0).

exist and both are equal to 0, but  lim  f(z,y) does not exist.
(z,y)—(0,0)

(6) Examine the following functions for the existence of partial derivatives at (0, 0).
The expressions below give the value at (z,y) # (0,0). At (0,0), the value should
be taken as zero.

(i)
.. sin?(z 4 9)
) T
(7) Let f(0,0) =0 and

fla9) = (@ + 9?)sin = for (,9) # (0,0).

Yy —2
yx2+y2

Show that f is continuous at (0,0), and the partial derivatives of f exist, but are
not bounded in any disc (how so ever small) around (0,0).
(8) Let f£(0,0) =0 and
xsin(1/z) + ysin(l/y), ifx#0, y#0
f(z,y) =4 xsinl/x, ife#0, y=0
ysinl/y, ify#0, x=0.
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Show that none of the partial derivatives of f exist at (0,0) although f is con-
tinuous at (0,0).

(9) Examine the following functions for the existence of directional derivatives and
differentiability at (0,0). The expressions below give the value at (x,y) # (0,0).
At (0,0), the value should be taken as zero:

_ x? — 2

(i) 901/962;r "

.. X

(ii) N "

(lll) (xz -+ y2) Sin ﬁ

T Y
(10) Let f(z,y) =0if y =0 and
Yy .
flz,y) = Tl x? +y2ify # 0.

Show that f is continuous at (0,0), D, f(0,0) exists for every vector u, yet f is
not differentiable at (0,0).
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1.7. Maxima, minima, saddle points

(1) Let F(z,y,2) = 2%+ 22y — y? + 22. Find the gradient of F at (1, —1,3) and the
equations of the tangent plane and the normal line to the surface F(z,y,z) =7
at (1,—-1,3).

(2) Find D,F(2,2,1), where F(z,y,z) = 3z — 5y + 2z, and u is the unit vector in
the direction of the outward normal to the sphere z2 4+ 4% + 22 = 9 at (2,2, 1).
0%z
Oxdy

(3) Given sin(z 4+ y) + sin(y + z) = 1, find
(4) If £(0,0) =0 and

, provided cos(y + z) # 0.

22 — 2
f(xvy) = mym for (Iay) 7é (O7O)a

show that both f,, and f,, exist at (0,0), but they are not equal. Are f,, and
fye continuous at (0,0)7?
5) Show that the following functions have local minima at the indicated points.
g
(1) f(xay) = $4 + y4 +4x — 32y - 7; (x()ayO) = (7132)
(i) f(z,y) = 2* 4+ 32 — 22y + 5y° — 4y°, (20, 10) = (0,0).
(6) Analyze the following functions for local maxima, local minima and saddle
points:
2 2
() fz,y) = (2® —y?)e”@HI2 (i) fla,y) = 2® - 3uy®
(7) Find the global maximum and the global minimum of

f(z,y) = (2® — 4x) cosy
for 1<z <3, —nw/4<y<w/4
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1.8. Multiple integrals

(1) For the following, write an equivalent iterated integral with the order of inte-
gration reversed:

o [ [ I dy] .
(i) /0 1 [ [ Z f(x,y)dx] dy.

(2) Evaluate the following integrals:

(i) /OW [/W Sizydy] dx.
(ii) /01 [/yl m2ewydm} dy.

2
(iii) / (tan™!' 72 — tan™! z)dx.
0

(3) Find // f(z,y)d(z,y), where f(z,y) = e*” and D is the region bounded by

D
the lines y = 0, = 1 and y = 2z.
(4) Evaluate the integral

J[ @ =vPsina s iy,

where D is the parallelogram with vertices at (m,0), (27, ), (7, 27) and (0, 7).
(5) Let D be the region in the first quadrant of the zy-plane bounded by the hy-

perbolas zy = 1,zy = 9 and the lines y = z,y = 4z. Find // d(z,y) by
D

. u
transforming it to / d(u,v), where z = —, y = uv,v > 0.
E v

(6) Find
lim // e g(a, y),
T—00 D(T)
where D(r equals

)

) ot +y? <12,

Y:a?+y? <r? x>0,y >0}

)i fa] <7yl < 7).
(1V) {(z,y):0<x<r,0<y<r}

(7) Find the volume common to the cylinders z2 + 32 = a? and 22 + 22 = a2 using
double integral over a region in the plane. (Hint: Consider the part in the first
octant.)

(8) Express the solid D = {(x,y, z)|\/2? + y?> < z < 1} as
{(!E,y,Z)|(1 <z < bu ¢1(x) < Yy < ¢2($),§1(£E7y) <z< 62(1.73/)}

(9) Evaluate
V2 V2—x2 2
1 :/ (/ (/ mdz) dy) dx.
0 0 r24y?

Sketch the region of integration and evaluate the integral by expressing the order
of integration as dxdydz.
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(10) Using suitable change of variables, evaluate the following:

(i)
1= [[[ @ + 2y daya:

where D is the cylindrical region 22 + 42 < 1 bounded by —1 < z < 1.

(ii)
I= /// exp(az? + y? + 22)32dadydz
D

over the region enclosed by the unit sphere in R?.
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1.9. Vector fields, curves, parameterization

(1) Let a,b be two fixed vectors, r = (z,y,2) and 72> = 22 + y? + 22. Prove the
following:
(i) V(r"™) = nr"~2r for any integer n.

(i) a-V(i) :-(%).

(i) b'V<a~VC>) _3@nbr) ab

rd r3
(2) For any two scalar functions f, g on R™ establish the relations:
(i) V(fg) = fVg+gVf.
(ii) Vfr=nfr-1Vf.
(iti) V(f/g9) = (9Vf — fVg)/g* whenever g # 0.
(3) Prove the following:
() V- (fv) = fV v+ (Vf) - v.
(ii) VX (fv) = f(VXxVv)+Vfxv.
(iii) VxVxv=V(V:-v)—(V:-V)v,
02 02 0?
where V-V = 92 + By + 9.2
(iv) V- (fVg) = V- (gVf) = fV2q — gV2f.
(v) V- (Vxv)=0
(vi) Vx (Vf)=0.
(vil) V- (gVf x fVg) =0.
(4) Let r = (z,y, 2z) and r = |[r|. Show that
N oo . d’f  2df
(i) Vof =div (Vf(r)) = az  rdr
(ii) div (r"r) = (n + 3)r™.
(iii) curl("r) =0
(iv) div (V%) =0 for r # 0.
(5) Prove that
i) V-(uxv)=v-(Vxu)—u-(Vxv)
Hence, if u, v are irrotational, u x v is solenoidal. (Def: A vector-field u is
said to be irrotational if V x u = 0. A vector-field u is said to be solenoidal
ifvV.-u=0.)
(i) Vx(uxv)=wv-Vu—(u-V)v+(V-v)u— (V- -u)v.
(i) Viu-v) =(v-Vu+ (u-V)v+v x (Vxu)+ux(Vxv).
Hint: WriteV:Zi%, va:Zi% xvandv-v:Zi%-v.
(6) (i) If wis a vector field of constant direction and V x w # 0, prove that V x w
is always orthogonal to w.
(if) If v =w X r for a constant vector w, prove that V x v = 2w.
(iii) If pv = Vp where p(# 0) and p are continuously differentiable scalar func-
tions, prove that

is called the Laplacian operator.

v-(Vxv)=0.
(7) Calculate the line integral of the vector field
F(z,y) = (2* = 2zy,y* — 2zy)

from (—1,1) to (1,1) along y = 2.
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(8) Calculate the line integral of the vector field
F(z,y) = (2® +y% 2 —y)

once around the ellipse b222 4 a?y? = a?b? in the anticlockwise direction.
(9) Calculate the value of the line integral

?{ (z +y)dz — (z — y)dy
c a? 4y

where C is the curve 22 + y? = a? traversed once in the anticlockwise direction.
(10) Calculate

% ydr + zdy + xdz
c

where C is the intersection of two surfaces z = xy and z? + y?> = 1 traversed
once in a direction that appears anticlockwise when viewed from high above the
xy-plane.
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1.10. Line integrals and applications

(1) Consider the helix
~(t) = (acost,asint, ct)
lying on the cylinder 22 + y? = a?. Parameterize this in terms of arc length.
(2) Evaluate the line integral

f 22ydx — z3dy
c (@2+¢?)?
where C' is the square with vertices (£1,£1) oriented in the anticlockwise direc-

tion.

(3) Find
?{Cgrad (2 —y?) - ds

where C is the curve 22 + y? = 1 oriented in the anticlockwise direction.
(4) Evaluate

(2,8)
/ grad (22 — y?) - ds
(0,0)

where C is y = 2. The notation is written to suggest that (0,0) is the initial
point and (2, 8) is the final point of C.

(5) Compute the line integral
% dz + dy
clzl+ |yl

where C' is the square with vertices (1,0),(0,1), (—=1,0) and (0,—1) traversed
once in the anticlockwise direction.

(6) A force F = (xy,2%y?) moves a particle from (0,0) onto the line x = 1 along
y = ax® where a,b > 0. If the work done is independent of b, find the value of a.

(7) Calculate the work done by the force field F(z,y,2) = (y2,22,2%) along the
curve C of intersection of the sphere x2 + y? + 22 = a? and cylinder z2 + y? = ax
where z > 0,a > 0 (specify the orientation of C that you use.)

(8) Determine whether or not the vector field F(z,y) = (3zy, 23y) is a gradient field
on any open subset of R2.

(9) Let S =R2\ {(0,0)}. Let
= —7y 7:6 = X X .
F(z,y) = ( x2+y2,x2+y2)—(P( y), Q(x,y))

Show that gP(ac,y) = agQ(:c,y) on S while F' is not the gradient of a scalar
Y x
field on S.

(10) For F = (2zy + 2%,22%,3222). Show that V¢ = F for some ¢ and calculate
F - ds where C is any arbitrary smooth closed curve.

c
(11) A radial force field is one which can be expressed as F' = f(r)r where r =
(z,y, z) is the position vector and r = ||r||. Show that F' is conservative if f is
continuous.
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1.11. Green’s theorem and applications

(1) Verify Green’s theorem in each of the following cases:
(i) f(z,y) = =2y g(x,y) =2y; D:2>0,0<y<1-—a%
(i) f(z,y) = 2xy; g(x,y) = e® + x%; where D is the triangle with vertices
(0,0),(1,0), and (1,1).
(2) Use Green’s theorem to evaluate the integral % y? dx + = dy where:
(i) D is the square with vertices (0, 0), (2,0), (2,82D), (0,2).
(i1) D is the square with vertices (£1,£1).
(iii) D is the disc of radius 2 and center (0,0) (specify the orientation you use
for the curve.)

(3) For a simple closed curve given in polar coordinates r = p(6) show using Green’s
theorem that the area enclosed is given by

1
A= 7}{ p(0)2db.
2 Je
Use this to compute the area enclosed by the following curves:
(i) The cardioid: r = p(#) = a(l — cosh), 0 < 6 < 2.
(ii) The lemniscate: 7% = p(0)? = a%cos20, —7/4 < 0 < /4.
(4) Find the area of the following regions:
(i) The area lying in the first quadrant of the cardioid r = p(6) = a(1 — cos@).
(ii) The region under one arch of the cycloid
C(t) = (a(t — sint),a(l — cost)), 0 <t < 2.
(iii) The region bounded by the limagon
r=p@)=1-2cosb, 0<0<m/2

and the two axes.
(5) Evaluate

7{ ze ¥ dz + [—JJdeiy? +1/(2* 4+ y?)]dy
C

around the square determined by |z| < a, |y| < a traced in the anticlockwise
direction.
(6) Let C be a simple closed curve in the zy-plane. Show that

3y = % 3y — y3de,
c

where I is the polar moment of inertia of the region D enclosed by C. It is
defined by Iy = [, 2* + y* dady.

(7) Consider a = a(z,y), b = b(z,y) having continuous partial derivatives on the
unit disc D. If

a(z,y) =1, b(z,y) =y
on the boundary circle C, and

u = (a,b), v = ((a’l - ay)7 (bl - by))v w = ((b:v - by)’ (aw - ay))a

// u - vdxdy and // u - wdxdy.
D D

(8) Let C be any closed curve in the plane. Compute 74 V(2? — y?) - n|ds|.
c

find



1.11. GREEN’S THEOREM AND APPLICATIONS 19

(9) Green’s Identities are as follows

// V2wdxdy:f B |ds|

(ii) // [wV2w + Vw - Vw] dz j{ wg—|ds|

(iii) 7{ (vaw—w> |ds| = // (vV2w — wV?v) dzdy.
oD

Here V2w is the divergence of the gradient of w. Also, g“’ is the same as Vw - n.

(a) Use (i) to compute
f 2 s
C on s

for w = e®siny, and D the triangle with vertices (0,0), (4,2), (0,2).
(b) Let D be a plane region bounded by a simple closed curve C and let F,G :
U — R? be smooth functions where U is a region containing D U C such that

curl F = curlG,div F =divG on DUC

and
F-n=G-n on C,
where n is the unit normal to the curve. Show that FF = G on D.
(10) Evaluate the following line integrals where the loops are traced in the anti-

clockwise sense
7{ ydr —xdy
o w4y

(i)
where C' is any simple closed curve not passing through the origin.

(i)
22ydx — z3dy
% c (@®+y?)?
where C' is the square with vertices (£1,+1).
(iii) Let C be a smooth simple closed curve lying in the annulus 1 < 22 +y? <
2. Find
o( log r) , 9(logr)
j{ ox

dy.
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1.12. Surface area and surface integrals

(1) Find a suitable parameterization ®(u,v) and the normal vector ®,, x @, for the
following surface:

(i) The plane z —y + 224+ 4 =0.

(ii) The cylinder y? + 22 = a?.

(iii) The cylinder of radius 1 whose axis is along the line z = y = 2.

) (a) For asurface S let the unit normal n at every point make the same acute angle
o with z-axis. Let SA,, denote the area of the projection of S onto the zy plane.
Show that SA, the area of the surface S satisfies the relation: SA,, = SA cosa.
(b) Let S be a parallelogram not parallel to any of the coordinate planes. Let
S1, S2, and S3 denote the areas of the projections of S on the three coordinate
planes. Show that the area of S is \/S? 4+ S5 + S3.

(3) Compute the surface area of that portion of the sphere 22 + y? + 22 = a? which

lies within the cylinder 22 + y? = ay, where a > 0.

(4) A surface S is parametrized by

(2

®(u,v) = (ucosv,usinv,u?),

where 0 <u <4 and 0 <v < 2.

(i) Show that S is a portion of a surface of revolution. Make a sketch and indicate
the geometric meanings of the parameters v and v on the surface.

(ii) Compute the vector &, x ®, in terms of u and v.

(iii) The area of S is %(65\/@ — 1) where n is an integer. Compute the value of
n.
(5) Compute the area of that portion of the paraboloid 2% 4+ 22 = 2ay which is
between the planes y = 0 and y = a.
(6) A sphere is inscribed in a cylinder. The sphere is sliced by two parallel planes
perpendicular the axis of the cylinder. Show that the portions of the sphere and
the cylinder lying between these planes have equal surface areas.

(7) Let S denote the plane surface whose boundary is the triangle with vertices at
(1,0,0), (0,1,0), (0,0,1), and let F(z,y,2) = (x,y,2). Let n denote the unit
normal to S having a nonnegative z-component. Evaluate the surface integral

// F -nldS|, using

) The parametrization ®(u,v) = ((u +v), (v —v), (1 — 2u)).
( ) A parametrization of the form ®(z,y) = (z,y, f(z,9)).
(8) If S is the surface of the sphere 2% + y? + 22 = a?, compute the value of the
surface integral (with the choice of outward unit normal)

// xzdy A dz + yzdz A de + x2dx A dy.
S

Choose a parametrization in which the fundamental vector product points in the
direction of the outward normal.
(9) A fluid flow has flux density vector

F(x,y,2) = (v, —(2z + y), 2).

Let S denote the hemisphere 2 +y? 4+ 22 = 1, z > 0, and let n denote the unit
normal that points out of the sphere. Calculate [[ F -n|dS|, which is the mass
of the fluid flowing through S in unit time in the direction of n.
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(10) Solve the previous exercise when S includes the planar base of the hemisphere
also with the outward unit normal on the base being (0,0, —1).
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1.13. Divergence theorem and applications
(1) Verify the divergence theorem for the vector field
F(z,y,2) = (zy°,y2?, 22°)
for the region W defined by
y2+z2 §x2;0§x§4.
(2) Verify the divergence theorem for the vector field
F(z,y,2) = (ay, 2, 22)
for the region W in the first octant bounded by the plane

X z
T8 o
a b ¢

(3) Let W be a region bounded by a piecewise smooth closed surface S with outward
unit normal
n = (Ng, Ny, Ns).
Let u,v : W — R be continuously differentiable. Show that

/X/“gdxy’ /X/“‘dmyww+[éwum%u&.

[Hint: Consider F' = uwv (1,0,0).
(4) Suppose a scalar field ¢, Wthh is never zero has the properties

V][> =4¢ and V- (¢V¢) = 10¢.

Evaluate / / —— |dS|, where S is the surface of the unit sphere.

(5) Let V' be the Volume of a region W bounded by a closed surface S and n =
(ng,ny,n.) be its outer unit normal. Prove that

// xnx|dS|:// yny|dS|:// zn, |dS].
s s s

(6) Compute // (x2dy A dz + y* dz A dx + 2*dx A dy), where S is the surface of

s
the cube 0 < x < 1,0 <y < 1,0 < z < 1. The surface S is oriented by the
normal going out of the solid cube.

(7) Compute // yzdy A dz + zxdz A dx 4+ zydx A dy, where S is the unit sphere

s
oriented by the outward normal.
(8) Let F = (—a3,y3 + 32%sin z,e¥sinz + x%) and S be the portion of the sphere
2% +y®+ 22 =1 with z > 1 and n is the unit normal with positive z-component.

Use divergence theorem to compute / / (curl F) - n |dS].

(9) Let p denote the distance from the origin to the tangent plane at the point

22 g2 22
(x,y,2) to the elhpsmd — + 55 + — = 1. Prove that

b2
// p|dS| = 4wabe.

// |dS| = 3b@%+3ﬁ+f¥y

(10 Interpret Green’s theorem as a divergence theorem in the plane.
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1.14. Stokes theorem and applications

(1) Consider the vector field F' = (z — y,z + 2,y + z). Verify Stokes theorem for F
where S is the surface of the cone: 22 = x? + y? intercepted by
(a) ®+(y—a)?+22=a®:22>0
(b) 2° + (y —a)* = a?

(2) Evaluate using Stokes theorem, the line integral

j{ yzdr + xzdy + xy dz,
c

where C' is the curve of intersection of 22+ 9y? = 9 and z = y? + 1 with clockwise
orientation when viewed from the origin.

(3) Compute
// (curl F) - n|dS|,
S

where F' = (y, 723, —2y®) and n is the outward unit normal to S, the surface of
the cylinder 2 + 32 = 4 between z = 0 and z = —3.
(4) Compute ¢, F - ds for
_ (_y> (,C)
a2 4y?’
where C'is the circle of unit radius in the xy plane centered at the origin and ori-
ented clockwise. Can the above line integral be computed using Stokes theorem?

(5) Compute
% (y? — 2%)dx + (22 — 2?)dy + (2 — y?)dz,
where C' is the curxc;e cut out of the boundary of the cube
0<x<a,0<y<a,0<2z<a

by the plane x + y + z = %a (specify the orientation of C.)
(6) Calculate

j{ ydr + zdy + xdz,
c
2

where C' is the intersection of the surface bz = zy and the cylinder 22 + y? = a?,
oriented anticlockwise as viewed from a point high upon the positive z-axis.
(7) Consider a plane with unit normal (a,b,c). For a closed curve C lying in this
plane, show that the area enclosed by C' is given by
1

A(C) = 3 %C (bz — cy)dz + (cx — az)dy + (ay — bx)dz,

where C is given the anticlockwise orientation. Compute A(C) for the curve C

given by
ucost+vsint, 0 <t < 2m7.



CHAPTER 2

Answers

2.0. Tutorial sheet 0

(1) False (2) False (3) False (4) True (5) True. (6) False (7) True (8) False
(9) True (10) True (11) True

24
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2.1. Tutorial sheet 1

(1) (i) N > 10/, (ii) N > % (i) N > ;3 (iv) N > %
i)

nh_}rrgo an = 1. (i) nh_}n;on—n = 0. (iii) nh_}rréo an = 0.

(iv) lim n'/" = 1. (v) lim a, = 0. (vi) 1.
n—oo

n—00 2
(3) (i) Not convergent (ii) Not convergent
(4) (i) Decreasing

(ii) Increasing
(ili) Increasing
(5) (i) Using induction show that
an > V2, (n>2)and apy1 —an <0 for all n. lim a, = V2.

n— 00
2
(ii) Using induction show that a, < 2 and (%) > 1 for all n. lim a, = 2.
n n— 00
(iii) Using induction show that a,, < 6 and a,+1 — a, > 0 for all n. lim a, = 6.
n— o0

(6) lim |a,| =|L|.
n—oo
(7) Hint: Consider € = |L|/2.
(8) Follows from definition.
Optional: Use the inequality: For z > y > 0,

Vi i< VY

(9) Both the statements are False.
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2.2. Tutorial sheet 2

(1) (i) False (ii) True (iii) True
(2) The converse is False.
(3) (i) Not continuous at a = 0. (ii) Continuous everywhere. (iii) Continuous ev-
erywhere except at © = 2.
(5) Continuous for x # 0, not continuous at z = 0.
(7) The converse is False .
0) () — - —
i) — = = :
sin(z) /1 —cos?(z) +/1—192
=1
(if) ese™!(z) = # x| > 1.
1

1-%

0 e (557)
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2.3. Tutorial sheet 3
(8) (i) Not possible (ii) Possible (iii) Not possible (iv) Possible
(9) Global max =13 at = = £2 and global min = —14 at = = 5.
p(4 + )
10) h= —F+.
(10) 2(8 4+ 3m)

27
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2.4. Tutorial sheet 4

(i) f(z) is strictly increasing in the intervals (—oo, —1)U(1/3, 00) and f(x) is strictly
decreasing in that interval (—1,1/3).
f(z) has a local maximum at = —1, a local minimum at « = % and a point

of inflection at x = —3

(ii) y =1 is an asymptote.
f(z) is increasing in (0, 00) and decreasing in (—o0, 0).

7

f(z) has points of inflection at z = +

(iii) f is not differentiable at = 0.
f(0) =1,
f is concave in(—2,0) U (0, 5),
decreasingin(—2,0) U (2, 5),
and
increasingin(0, 2).
Further, f has a global maximum at = = +2.
(2) f has a local max at x = —2 and a local min at = 2, f is concave in (—o0,0)
and convex in (0,00), and 2 = 0 is a point of inflection.
(3) Motivate students to discover their own examples.
(i) f/ >0,f” > 0. Example: f(r)=2% 0<z<1.
(i) f' >0, f" <0. Example: f(x)=+x; 0<z < 1.
(iii) f' <0, f” > 0. Example: f(z) = —v/x; 0 <z < 1.
(iv) f' <0, f" <0. Example: f(z)=—2% 0<z<1.
(4) (i) True .
(ii) False; consider f(z) = g(x) = sin(x),c = 0.

GIOE
(i) §
(i) 2(v2 - 1)
) Do 19
(v) §+5(4\/§—1)+§
y dy

(8) (a) 7Ty2% =Yy
(b) (i) F'(z) = cos((22)?)2 = 2 cos(4x?).
(i) F'(z) = cos(2?)2x = 2x cos(x?).
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2.5. Tutorial Sheet 5

(i) 1
5 L= @ the surface area is 101i T
6 18

6

164®

7) Volume is

)
) 3
)
) Volume is r2h
)
0

) 28w

29
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2.6. Tutorial Sheet 6

(1) () {(5.9) €R? | 2 # 4y}

(i) B2 - {(0,0)}

(2) (i) Level curves are parallel lines © —y = ¢. Contours are the same lines shifted
to z = ¢, (some c).

(ii) Level curves do not exist for ¢ < —1. It is just a point for ¢ = 0 and are
concentric circles for ¢ = 1,2, 3, 4. Contours are the sections of paraboloid of
revolution z = 22 4+ y? by z = ¢, i.e., concentric circles in the plane z = c.

(iii) Level curves are rectangular hyperbolas. Branches are in first and third
quadrant for for ¢ > 0 and in second and fourth quadrant for ¢ < 0. For
¢ =0 it is the union of z-axis and y-axis.

(3) (i) Discontinuous at (0,0)

(if) Continuous at (0,0)
(iii) Continuous at (0, 0)
(6) (1) f2(0,0) = 0= £,(0,0).

(ii) f is continuous at (0,0). Both f;(0,0) and f,(0,0) do not exist.

(8) Does not exist.
(9) (i) (Dyuf)(0,0) exists and equals 0 for every unit vector v € R?; f is also
differentiable at (0,0).
(ii) It is not differentiable, but for every unit vector v = (a,b), D, f(0,0) exists.
(iii) (Dyf) (0,0) = 0; f is differentiable at (0,0).
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2.7. Tutorial sheet 7
(1) Tangent plane:
0.(z—1)+4y+1)+6(2—3)=0,i.e.2y+32=7
Normal line: x =1, 3y —224+9=0

@ -
3
sin (z + y) cos? (x + )
3) cos (y + z) +tan(y +2) cos? (y+2)

(6) (i) (0,0)is a saddle point; (£+/2,0)are local maxima; ((0, £+/2)are local minima.[]

(i) (0,0) is a saddle point.
(7) fmin = —4 at (2,0) and fee = — == at (3,£%)

S
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2.8. Tutorial sheet 8

2T 2T

-1 1 4r2 + 1
T log5+2(tan~t 27 — tan~12) — — [log (4m 5+ )}

r\

-3

2
w

8) {(z,y,2)|—1<z<1, —VI—-a22<y<+vVI—2a2 /a2+y2<z<1
Y Y Y
(9) % We can also write D as
{(Ivyaz)|0§2§270§$§ \/Z_yQaOSyS\/E}'
(10) (i) =/3.
.\ Ar(e—1)
(ii) —



(7)

_14
15°

2.9. TUTORIAL SHEET 9

2.9. Tutorial sheet 9
(8) mab. (9) —2m. (10) —m.

33
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2.10. Tutorial sheet 10

(1) The arc length parametrization is

) = (acos (\/aQuW> asin (\/a2u—|— 02) , \/aQC:L- (32>.

bt et et

2 _y?) -ds=0.

x —y s = —60.

@ [ -

SEAL

SEAL
5/d—x|
6\/73.

(M =

ol +lyl=2-2=0.
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2.11. Tutorial sheet 11

(gz - fy) dxdy = % = ffap(fdm +gdy)'
D
LHS =1 = RHS.

—~
—_
~—
—~
—
~—
—~
»—n\
=iy
\-/\

—T.

) (i) Case (a): If the curve does not enclose the origin, the integral vanishes.
Case (b): If the curve encloses the origin, it is equal to —2.

(il) —7/4.

(iii) —2.

35
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2.12. Tutorial sheet 12

(1) (i) ®(z,y) = (z,y, 24 +y —2)), (z, y) € R? as a parametrization.
The normal vector is ®, x ®, = (3,—3,1).
(i) ®(u,v) = (u,asinv,acosv),u € R, O <wv < 2m,
normal is (0,asinv,a cosv).
(iii) ®p x ®; = cosfu + sinfv, where u is a vector in the cross-section by a
plane through the origin, and v =e X u.
(3) 2(m — 2)a?
(5) Z(3v3 - 1

(7 ( // Fnlds| =

(ii) Explicitly, surface is z=1—x—y. Area(S] = 1/2).

(8) 0.
(9) 3.
(10) 2w

?.
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2.13. Tutorial sheet 13

37
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2.14. Tutorial sheet 14

—1087.
Stokes theorem cannot be applied to F' directly.
3
]{ (y? — 22)dx + (22 — 2%)dy + (2 — y?)dz = 79%.
c
—7a?.
m|ju x v||.



CHAPTER 3

Solutions

3.0. Tutorial sheet 0

(1) False. +00 and —oo are just symbols to represent infinite intervals.

(2) False. The set of all even natural numbers is bounded below but not above.

(3) False. Any nonempty open interval has at least two distinct points. In fact,
{z} = [z, 2] is a closed interval.

(4) True. Note that % <2 for all m € N.

(5) True. Note that 2 >0 for all m € N.

(6) False. For example, (0,1)(J(2,3) is not an interval.

(7) True. Let I, o € J, be intervals and let I = (), c;Io # 0. Suppose z,y € I.
Then z,y € I, for every a, and if x < y then [z,y] C I, for every a. Thus
[z,y] C I. This shows that I is an interval.

(8) False. For example, (o~ (=, 1) = {0} is not an open interval.

(9) True. Consult the solution of (10) below. That solution can be adapted here by
using ‘sup’ in place of ‘max’ and using ‘inf’ in place of ‘min’. Since ‘sup’ and ‘inf’
may not be discussed in the class, the student can only be expected to believe
the statement in an intuitive way.

(10) True. Consider I = (\"_, I,, where each I, is a closed interval, and suppose
I # (. We provide a solution only in the case where each I, is a finite closed
interval [a,, b,]; the solution can easily be modified to apply to the case where
some of the I,, are infinite closed intervals. Let

a = max{ay,as,...,am}
and
b= min{bth, e ,bm}

Note that a < b. (Indeed, here a = aj for some k and b = b; for some b;; if
ar = a > b= by, then [ay, b;] would not intersect [a;, b;] forcing I to be empty).
Now one has, for any n, a, < a <b <b, so that [a,b] C [an,b,] for every n; thus

IDE

[a,b] C [@n, bp]-

n=1

Next, any number p that is strictly less than a = a; does not belong to the
interval [ak, by]; also, any number ¢ that is strictly greater than b = b; does not
belong to the interval [a;, b;]; this shows that

() [an. bs] C [a,b].

n=1

39
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Hence one has
m

ﬂ [an, bn] = [a, b].
n=1
(11) True. Recall the Archimedean property of R: For every x € R, there exists
n € N such that n > x.
(12) True. Note that V/2 is an irrational number between 1 and 2. Let 71,75 € Q
be such that 71 < r5. Then 7 = r4 —r; > 0 and 7 < /2 < 2r so that

r1=(2r1 —ro) + 7 < (2r1 —ro) +rV/2 < (2r1 —ro) +2r =ro.

Thus s = (2r1 —72) + rv/2 is an irrational number between 7 and 5.
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3.1. Tutorial sheet 1

1) For a iven € select
( g
(i) N> 12

(i

36’

1
T as —¢
n3

(ii

i) N
) n+1
(i )N>fasg>i:|a |
2 " "o "

n—oo

n
! —1 -2 2 1 1 !
nn n n n n n n—oon"
3 2 1 4
(i) 0 < I = = lim_a, =0.

n‘l1 +8n2 42 n—00
(iv) Let n» =1+ hy,. Then7 for n > 2, one has

n=(1+hy)" >1+nh, + (Z)hi > (Z)hi

Thus 0 < h2 < =25 (n > 2) giving limy, o0 by = 0. S0 lim,, 0o n7 = 1.
(v) As

NN n .
(2) @) 2+n§an§n2+1:> lim a, = 1.

Cos(wf)

0<
a2

= )
’I’L2

lim,, o an, = 0.

f ! lasn 0
(o) VAT Vi) = = H%Hw - 0

(3) (1) {n”Q1 =n-1)+ %4—1}"21 is not convergent since nT-l — 0 as n — oo.
(i) {(-)" (3 -1) = # - #}nzl is not convergent since (711)11 — 0 as
n — 00.
(4) (i) Decreasing as a,, = m% and {n + L},>1 is increasing.

Ap+41 6
=->1
)

(ii) Increasing as
" 1) -1
Dl e > 2,
n?(1+n)?
(5) (1) Using induction show that a,, —v/2 > 0 for n > 2, and note that @,y —a, =
22aa" <0n>2; lim,_ e an = V2.
(ii) Using induction show that a, < 2 for all n, and note that

*w>0 for all n; lim a, = 2.

Upt1 — O, =
i " \/m + an, n—oo
(iii) Using induction show that a, < 6 for all n, and note that
6—a
Qp41 — Qp = “ >0 forall n; lim a, = 6.
2 n—oo

(iii) Increasing as ap4+1 — an

(6) limy,— o0 ant1 = L; and

llan| = [L|] < lan = L]

implies that lim, o |an| = |L]|.
(7) Given € = |L|/2, there exists ng such that
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(llan] = 1L|| <) |an — L] < |L|/2 for all n > nyg.

Thus |a,| > |L| — l—g‘ = % for all n > ng.
(8) Follows from the definition of ‘limit of a sequence’.
(9) Both the statements are false. Consider, for example, a,, = 1 and b, = (—1)".
(10) The implication = is obvious. For the converse, let both {az2y, }n>1 and {a2n+1}n>1l}

be convergent to ¢, and let € > 0 be given. Choose ni,n2 € N such that

|agn, — €| < € for all n > ny, and|agn1 — €| < € for all n > no.
Let ng = max{ni,ns}. Then

lay, — £] < e for all n > 2ng + 1.
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3.2. Tutorial sheet 2
(1) (i) The statement is false. For example consider « = —1,b = 1,¢ = 0 and
define f,g:(—1,1) - R by
1 if =0

(ii) The statement is true since 0 < |f(x)g(z)| < M|f(x)]| if |g(z)| < M for z
in (a,b).

(iii) The statement is true since lim,_,. f(z)g(z) = lim,_,. f(2) lim, . g(z).
(2) Let lim, o f(x) = L. It follows from
[fla+h) = fla=h)| <[fla+h) =L+ |f(a—=h) - L|
that
lim |f(a+h) — f(a—h)|=0.
h—0

The converse is false; e.g. consider a = 0 and

1 if =0

f@={ 1 & io
(3) (i) Continuous everywhere except at * = 0. This can be seen in part by

considering the sequences {xy }n>1, {yn}n>1 where
1

= —andy, (= ————.
on nmw e 2nm+ 5

Note that both x,,y, — 0, but
f(zn) — Ovandf(yn) — L

(ii) Continuous everywhere. For ascertaining the continuity of f at = 0, note
that | f(z)| < |z|] and f(0) = 0.
(iii) Continuous everywhere on [1, 3] except at x = 2.
(4) Taking x =0 =y, we get f(0+0) = 2f(0) so that f(0) = 0. By the assumption
of the continuity of f at 0, lim,_,o f(x) = 0. Thus,

lim f(c+h) = lim[f(c) + f(R)] = f(c)

showing that f is continuous at x = c.
Optional: First verify the equality for all £ € Q and then use the continuity of
f to establish it for all £ € R.

(5) Clearly, f is differentiable for all x # 0 and the derivative is

fl(z) =22 sin(%) - cos(%),x £ 0.

Also,
h%sin(+) — 0
7(0) = Tim "520G) 70
h—0

=0.

Clearly, f is continuous at any x # 0. However, lin}) f/(z) does not exist. Indeed,
r—r

for any § > 0, we can choose n € N such that

1 1
xXr = E, Y= m S (_6,6),
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note that x and y satisfy |f'(x) — f'(y)| = 2.

(6)

S c|h|0¢—1

flx+h) - fx)
o<tz

implies by the Sandwich Theorem that
fl+h)— f(=z)

}ILLI% N =0 forall xz € (a,b).
(7)
IS S AR IR0
h—0+ 2h h—0+ 2 h —h
1 !/ ! !/
=5l () + ] = f(o).

The converse is false; consider, for example, f(z) = |z| and ¢ = 0.
(8)
fw+y) = f@)f(y) = f(0) = f(0)* = f(0) =0 or 1.

If f(0) =0, then
flea+0)=f(x)f(0)= f(z) =0 forall .
Thus, trivially, f is differentiable. If f(0) = 1, then

0 = i NI _ g (g 10010

h—0 h h—0 h
(9) (i) Let f(z) = cos(z). Then f'(x) = —sin(z) # 0 for x € (0, ).
Thus g(y) = f~(y) = cos ' (y), —1<y <1 is differentiable

and

= f(0)f(0).

gy = m, where z is such that f(z) =1y.

Therefore,
-1 -1 1

~sin(z) V/1—cos?(z) N Vi—y?

(ii) Note that

1
cosec ! (z) = sin~! - for |z| > 1.

Since
1
asin_l(x) - i for |z| <1,
one has, by the chain rule,
1 -1
-1 .
— cosec” " (z) = 7(§), || > 1.

i (1- %)

x2
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@_f, 20 -1\ d (2z—1
dr T+ de \ v +1

1
Coo(22-1\’T 3 1 3  (2a—1)\’
_Sm<x+1> [(Hl)Q] T @y Sm(mﬂ) '

(1) f(@) s 2] + 1 — o]

(12) For ¢ € R, select a sequence {a,},>1 of rational numbers and a sequence
{bn}n>1 of irrational numbers, both converging to c. Then {f(an)}n>1 converges
to 1 while {f(bn)}n>1 converges to 0, showing that limit of f at ¢ does not exist.

(13) Let ¢ # 1/2.If {an}n>1 is a sequence of rational numbers and {b,},>1 a
sequence of irrational numbers, both converging to ¢, then g(a,) = a, — ¢,
while g(b,) = 1—b, - 1 —¢, and ¢ # 1 — ¢. Thus g is not continuous at
any ¢ # 1/2. Further, if {a,}n>1 is any sequence converging to ¢ = 1/2, then
g(an) = 1/2 = ¢(1/2). Hence, g is continuous at ¢ = 1/2.

(14) Let L =1lim,_,. f(z). For e = L — «, choose a ¢ such that

|f(c+ h) — L| < efor 0 < |h| < 0;
then f(c+h) >L—e=afor 0<|h| <é.
(15) (i) = (i1) : Take a = f'(c) and €;(h) = {

(10)

f(C+h)—hf(C)—04h’ if h ?é 0

0, if h=0.
h) — f(c) — ah
(i) = (idi) : %%‘f(ﬁ ) |hf(c) ah| = lim [e1 (h)| = 0
(iii) = (i) : lim w —a|l=0= }m)w exists

and in fact is equal to a.
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3.3. Tutorial sheet 3

(1) f(x) = 23 — 62 + 3 has stationary points at x = /2.
Note that f(—V2) =4v2+3 >0, f(+V2) = =42 + 3 < 0. Therefore f has a
root in (—v/2,v2). Also, f — —oo as & — —oo implying that f has a root
in (—oo, —v/2). Similarly, f — 400 as x — +oc implying that f has a root in
(v/2,00). Since f has at most three roots, all its root are real.

(2) For f(z) =a®>+pr+q, p>0, f(z)=3z>+p>0. Therefore f is strictly in-
creasing and can have at most one root. Since

. p q\
i (;*ﬁ) =0

f(x) P, a

for |z| very large. Thus f(x) > 0 if x is large positive and f(z) < 0 if z is large
negative. By the Intermediate Value Property (IVP) f must have at least one
root.

(3) By the IVP, there exists at least one zy € (a,b) such that f(zo) = 0. If
there were another yo € (a,b) such that f(yo) = 0, then by Rolle’s theorem there
would exist some ¢ between xg and yo (and hence between a and b) with f'(¢) = 0,
leading to a contradiction.

(4) Since f has 3 distinct roots say r; < ro < r3, by Rolle’s theorem f/(z) has at
least two real roots, say, x1 and x5 such that ry < 1 < 79 and r9 < 22 < 13.
Since f'(x) = 322 + p, this implies that p < 0, and 2y = —/—p/3, 12 = \/—p/3.
Now, f”(x1) = 621 < 0 = f has a local maximum at & = x;. Similarly, f
has a local minimum at @ = z. Since the quadratic f’(z) is negative between
its roots x1 and zo (so that f is decreasing over [z, x3]) and f has a root ro in
(x1,22), we must have f(z1) > 0 and f(z2) < 0. Further,

B —4p3 B —4p3
flr1) =q+ T?’f(IQ) q-— 97
so that
4p3 4 274>
p277q = f(z1)f(22) <O.

(5) For some ¢ between a and b, one has

sin(a) — sin(b)
a—1b

‘ = |cos(c)| < 1.

6) By Lagrange’s Mean Value Theorem (MVT) there exists ¢; € (a, (@+b) ) such
( 2
that

atb) _
f( Q(b)_a)f(a) —f/(cl)
2
and there exists ¢y € (%b b) such that
b _ a+b
f( )(b_a() 2 ) 7f/(C2)
2
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Clearly one has ¢; < ¢o, and adding the above equations one obtains

Fle) + Fle2) = f(b()b";() 2 (as f(b) = b, f(a) = a).
2
(7) By Lagrange’s MVT, there exists ¢; € (—a,0) and there exists co € (0,a) such

that
£(0) = f(=a) = f'(c1)a and f(a) — f(0) = f'(c2)a.

Using the given conditions, we obtain
f0O)+a<a and a— f(0) <a

which implies f(0) = 0.
Optional: Consider g(z) = f(z) — z, « € [—a,a]. Since ¢'(z) = f'(z) =1 <0, g
is decreasing over [—a, a]. As g(—a) = g(a) = 0, we have g = 0.
(8) (i) No such function exists in view of Rolle’s theorem.
(ii) Possible, f(z) = % +x
(iii) f” > 0 = f' increasing. As f'(0) = 1, by Lagrange’s MVT we have f(z) —
f(0) >z for x > 0. Hence f with the required properties cannot exist.
(iv) Possible,
1 .
_ i if <0
flw) = { l+z+2% if 2>0.
(9) The points to check are the end points x = —2 and = = 5, the point of non-
differentiability = = 0, and the stationary point x = 2. The values of f at these
points are given by

f(=2) = f(2) =13,f(0) = 1, f(5) = —14.

Thus, global max = 13 at z = 42, and global min = —14 at =z =5.
(10) Let 2a be the width of the window and h be its height. Then 2a+2h+7ma = p,

and 0 <a < P As the area of the colored glass is ”T“Q and the area of the

™
plane glass is 2ah, the total light admitted is

wa’ p—(m+2)a a’ P
_ maT _ T r2)a) | T8 § <y < .
L(a) = 2ah + 1 2a[ 5 }—i— 1 (O_a_2+ﬂ_)
Since 5
p
L(a) = —
(a) =0=a 81 3n
and 5 5
L/ O- O p dL/ 0- p p
() >0in [0, 57757 ) and Li(a) <0in (G570, o720,
p(4+ )

2
a=—L_ must give the global maximum. That yields h =

8 + 37 2(8+3m)’
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3.4. Tutorial sheet 4

(1) (i) f(x) =223 +222 - 22— 1= f'(z) =62% + 42 — 2 =2(z +1)(3z — 1). Thus,
f(x) >0 in (—o0,—1)U(1/3,00) so that f(z) is strictly increasing in those
intervals, and f'(x) < 0 in (—1,1/3) so that f(x) is strictly decreasing in that

interval.
Thus, f(z) has a local maximum at
x = —1, and a local minimum at z = %
4.1.1-eps-converted-to.pdf As f"(z) = 122 + 4 we have that f(z)
is convex in (f%,oo) and concave in
(foo, f%) , with a point of inflection af,
xT=—c.
3
Graph of f
2

x
(i) y=— 1 = liI:|1:1 y=1=y =1 is an asymptote.
T z—+o0

2z
y = W = y is increasing in (0po) and decreasingl
in (—o0,0).
2
Further, 3" = —2((5235 +1_)13) implies that
4.1.2-eps-converted-to.pdf y” > 0if|z| < %,andy" < 0if |z| >

%. Therefore,

Sl

1 1 1
——,—— ] and concajg in R\ | ———,
1
Graph of f with the points z =+— being the

V3

yis convex in (

points of inflection.
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(iii) f(x) =14 12|x| — 32?; f is not differentiable at = 0; f(0) = 1.

Further,
f(x) =0at x = £2,
f'(x) < 0in (—2,0) U (2, 5],
f'(x) > 0in(0,2),
and
4.1-eps-converted-to.pdf f"(x) = —6in(-2,0) U (0,5).
Thus
f is concave in(—2,0) U (0, 5),
decreasingin(—2,0) U (2,5),
and
increasingin(0, 2);

further, f has a global maximum at z =
+2.

Graph of f
(2) In view of the given conditions, f has a local max at x = —2 and

a local min at z = 2, f is concave in (—00,0) and convex in (0, 00), and
x = 0 is a point of inflection.
(3) Motivate students to discover their own examples.

-
=T
~

"> 0, f” > 0. Example: f(z)=2% 0<x<1.
i) f'>0,f"<0. Example: f(z)=+/x; 0 <z < 1.
i) f'<0,f” >0. Example: f(z) = —x; 0 <z < 1.

iv) f/ <0, f” <0. Example: f(r)=—2% 0<x<1.
(i) The statement is true. In (¢—d,c+0), f(x) < f(c),g9(x) < g(c). As all
the quantities are non-negative, f(x)g(x) < f(c)g(c) in (¢ —§,c+ 9).

(ii) The statement is false. E.g. f(z) = g(z) =!+sin(z), ¢ = 0.

(5) Let P, be the partition of [0, 2] into 2 x 2™ equal parts. Then U(P,, f) =3 and

-1

1
L(P ) = 1+1x 5o +2x

— 3
as n — oo. Thus, f02 f(z)dz = 3.
(6) f() = 0= U(P.f) = 0,L(P, f) 2 0= [} f(a)dw > 0.
Suppose, moreover, f is continuous and f; f(@)dx = 0. Assume f(c) > 0 for

some c¢ in [a,b]. Then f(x) > f(;) in a d-nbhd of ¢ for some § > 0. This implies
that

U(P,f)>6><@

for any partition P, and hence, f; fl@)dx > 6f(c)/2 > 0, a contradiction.
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. 1 < X
(iv) Sp = - Z cos — — [ cosmxdr =0

2 3 1,2 19
(v) Sn—>/ xdm—I—/ x3/2dx—|—/ xzdx:§+g(4\/§—1)—|—§
2

(8) Let F(z) = jQ; f(t)dt. rfhen F'(z) = f(x). Note that

/u<()) J(tydt = /:(m) f(t)dt — / " F(t)dt = F(v(z)) — F(u(z)).

By the Chain Rule one has

v(x)
& o TOE = Fe@p @ = Fu@E) ()
= S@)v'(2) - flu(@)v' (@)
d d2
@ L =R - L,

(i) F'(x) = cos(x?)2x = 2z cos(x?)

Fla) = /W F(t)dt,x € R.

Then F'(z) = 0 for every x.
(10) Expand sin A(z—t) in the integrand, evaluate ¢'(x), ¢” (x), and simplify to show
lhs=rhs.
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3.5. Tutorial sheet 5
1) ) flyde=[(1+z—2z)de=1
(i) 2 [2(22% — (2 — 20?)) do = 2 [*(4a® — 2t) do = 2
(ifi) J'By—y? - (3 -)) dy = [Py —y?—3) dy =4

1-a — a 2 — veg 1=
(2) [y “(@—a?—ax)de = [ “((1—-a)z—a?) de = 4.5 gives =5~ = 4.5 so
that @ = —2.

(3) Required area = 2 x fﬂ/?’ L(r2 —r?)do
= 4a? foﬂ/s 8cos? § — 2cosf — 1)df = 4ma?.

@ Lenitrh: /0 Ja —cos(:))2 + sin®()dt
:/0 2|sin(t/2)\dt:4/ | sin(u)|du = 8.

/4
(ii) Length = / V14 y?de = / V14 cos(2z)dx
0
—\ffo/ | cos(x)|dx = 1.

dy 5 1
ds dy\ 2 \/ I 1 1
=1+ (2] =1+t —— =24 —.
z +<dm> T e T T T e

Therefore,
3 3 3
1 T 1 53
Length = — e =|=— - —| =22,
e /1 <x " 4332) ! { 3 435} 6

The surface area is

3 3 3
ds T 1 1
=/ 2 N—de= [ 20| =+ —+1 24 )4
5 / Ty L) gy / ”<3*4x+><“4x2> !

28 23 2? 1 11° 5
o A S T T =
F[18+ 376 3242 4:5}1 ( * )”

(6) The diameter of the circle at a point x is given by
(S—xg)—xQ, —2< <2
So the area of the cross-section at z is A(z) = 7(4 — x2)2. Thus

5127
15

(7) In the first octant, the sections perpendicular to the y-axis are squares with
0<z<Va2—9y? 0<2<Va?2—9?% 0<y<a.

Since the squares have sides of length /a2 — 32, the area of the cross-section at
y is A(y) = 4(a® — y?). Thus the required volume is

@ @ 16a®
/ A(y)dy = 8/ (a® — y?)dy = =
0

—a

2 2
Volume = / 7(4 — 2%)?%dx = 277/ (4 — 2%)%dr =
0

-2
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(8) Let the line be along z-axis, 0 < z < h. For any fixed z, the section is a square
of area r2. Hence the required volume is foh r2dz = r2h.
(9) Washer Method
Area of washer = 7(1+ )2 = 7(1 + (3 — 22))? = (4 — 2?)? so that
Volume = f,22 (4 — 2%)%dx = 5127 /15.
(This is the same integral as in (6) above).

Shell method
Area of shell = 27(y — (—1))22 = 47 (1 + y)+/3 — y so that

3
Volume:/ 47(1 4+ y)+/3 — ydy = 5127 /15.
-1

(10) Washer Method
Required volume = Volume of the sphere -Volume generated by revolving the
shaded region is

1 1
327/3 — [/ raldy — w(v/3)%2] = 321 /3 — 27r[/ (4 —yH)dy — 3]
—1 0
— 327/3 ~ 2n[11/3 — 3] = 287/3
Shell Method

Required volume = Volume of the sphere -Volume generated by revolving the
shaded reglon is

= 327/3 f/ 2rx(2y)dr = 327/3 — 47r/ x4 — x?dx
V3
= 327/3 — 4n(1/3) = 287/3
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3.6. Tutorial sheet 6

(1) () {(z.y) eR® | = # £y}
(i) R* - {(0,0)}.
(2) (i) A level curve corresponding to any of the given values of ¢ is the straight
line x — y = ¢ in the zy-plane. A contour line corresponding to any of the
given values of c is the same line shifted to the plane z = ¢ in R3.

(ii) Level curves do not exist for ¢ = —3, —2, —1. The level curve corresponding
to ¢ = 0 is the point (0,0). The level curves corresponding to ¢ = 1,2,3,4
are concentric circles centered at the origin in the xy-plane. Contour lines
corresponding to ¢ = 1,2, 3,4 are the cross-sections in R? of the paraboloid
z = 22 +y? by the plane z = ¢, i.e., circles in the plane z = ¢ centered at
(0,0,¢).

(iii) For ¢ = —3,—2,—1, level curves are rectangular hyperbolas xy = ¢ in the
zy-plane with branches in the second and fourth quadrant. For ¢ = 1,2, 3,4,
level curves are rectangular hyperbolas xy = ¢ in the xy-plane with branches
in the first and third quadrant. For ¢ = 0, the corresponding level curve
(resp. the contour line) is the union of the z-axis and the y-axis in the zy-
plane (resp. in the xyz-space). A contour line corresponding to a non-zero
c is the cross-section of the hyperboloid z = xy by the plane z = ¢, i.e., a
rectangular hyperbola in the plane z = c.

(3) (i) Discontinuous at (0,0). (Check lim  f(x,y) using y = ma®).

(@,y)—(0,0)
(ii) Continuous at (0,0) :
$2_2<| |x2+y2 ol
ry——| < |lzy| 5—= = |zyl.
Vo | = ey Y

(iii) Continuous at (0,0) :

[f (@, 9)| < 2(Jz] + [y]) < 4va? +y2
(4) (i) Use the sequential definition of limit: (z,,y,) — (a,b) = x, —
aandy, — b = f(z,) — f(a)andg(yn) — g(b) = flzn) £ g9(yn) —
f(a) & g(b) by the continuity of f, g and limit theorems for sequences.

(i) (#n,yn) = (a,0) = x, — aandy, — b = f(z,) — f(a)andg(y,) —
g(b) = f(xn)9(yn) = f(a)g(b) by the continuity of f, g and limit theorems
for sequences.

(iii) Follows from (i) above and the following:

min{ f(z), g(y)} = f@) o) 1) - 9@l

2 2
max{f(x),g9(y)} = f(z) —2|—g(y) " |f(z) ;g(y)|

(5) Note that limits are different along different paths: f(z,z) =1 for every x and
f(xv 0) = 0.

(6) (i) f2(0,0) =0=fy(0,0).
(i)

. sin®(h)/|h| . sin?(h)
fo(0,0) = Jim === = i =
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does not exist (Left Limit # Right Limit). Similarly, f,(0,0) does not exist.

(7) |f(2,y)| <2®+y® = f is continuous at(0,0).
It is easily checked that f,(0,0) = f,(0,0) =0.

Now,
. 1 1 1
fo =22 (sm <x2 +y2> > T cos <x2 +y2)> .

The function 2z sin (ﬁ) is bounded in any disc centered at (0, 0),

2 1

while v cos is unbounded in any such disc.
$2 + y2 1,2 + y2

1

(To see this, consider (z,y) = (\/ﬁ’ 0) for n a large positive integer.)
Thus f,, is unbounded in any disc around (0, 0).
h,0) — f(0,0 1
(8) £2(0,0) = lim LD SO0 G0 b does not exist. Similarly £,(0,0)
h—0 h h—0 h
does not exist. Clearly, f is continuous at (0, 0).

(9) (i) Let v = (a,b) be any unit vector in R?. We have

ey fhanb)  PPab (G

(00,0 = i L2 = iy ZE0221 — 151&) -

Therefore (D, f) (0,0) exists and equals 0 for every unit vector v € R2.

For considering differentiability, note that

£2(0,0) = (Dif)(0,0) = 0 = f,(0,0) = (D;f) (0,0). We have then
L L E) = £(0,0) = hfa(0,0) — £, (0,0)

(h)=(0,0) N
)]

li —_—_—
(h,k)lgl(o,o) (h2 + k2)3/2
N L O L N G
T2k T VR R R

\/h2 + k2\/h2 + k2
< =V h?+ k2.
= /h2 1 12
Thus f is differentiable at (0, 0).
(ii) Note that, for any unit vector v = (a,b) in R?, we have

h3a3 . a’ a’

= 0 since

Duf0.0) = i @ ) ~ A @ ) @)

To consider differentiability, note that f;(0,0) =1, f,(0,0) =0 and

i |f(h,k) —h x1—Fkx0| i |n3/(h* + k) — h|

11m = 11m

(h.k)=(0,0) Vh2+ k2 (h,k)=(0,0) Vh? + k2
|k?|

o (h,k)l—>m(o,o) (h2 + k2)3/2

does not exist (consider, for example, k = mh). Hence f is not differentiable
at (0,0).
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(iii) For any unit vector v € R?, one has

hz(GQ + b2) Sin [m}
h

(Dv.f) (0,0) = lim =0.

Also,

(h? + k?) sin [wziw)} ‘

li g EEER

(h.,k)lin(o,o) N> (h,k)lgl(o,o) Vh? + k2 sin (
therefore f is differentiable at (0,0).

(10) £(0,0) =0, |f(z,y)| < Va?+y? = f is continuous at (0,0). Let v be a
unit vector in R2. For v = (a,b), with b # 0, one has

1 hb (a® +b%)b
D, — lim = —\/h2a2 + h2p2 = 2L T2 7
(Dy) f(0,0) h%h|hb| h%a? 4 h?b 0]

If v = (a,0), then (D, f) (0,0) = 0. Hence (D, f) (0, 0) exists for every unit vector
v € R2. Further,

1 —_
h2+k2)

f2(0,0) =0, f,(0,0) =1,

and
k
Lo k) —0—hx0—kx1 | VAR — &
(h,k)—(0,0) Vh? + k2 (h,k)—(0,0) Vh? + k2
k k

= lim —_—

(hk)=0.0) [|k[ /A2 + k2

does not exist (consider, for example, k = mh) so that f is not differentiable at
(0,0).
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3.7. Tutorial sheet 7

oF oF oF

(1) (VF)(1,-1,3) = (%(1,—1,3)7 8—:1/(1,—1,3)7 %(1,—1,3)) = (0,4,6).

The tangent plane to the surface F(z,y,z) = 7 at the point (1,—1,3) is
given by O x (z —1)+4x (y+1)+6x(2—3)=0,ie,2y+32=7.
The normal line to the surface F(x,y,z) = 7 at the point (1, —1, 3) is given

by
r=1,3y—224+9=0.
2,21 2 21
(2) U = # =(=,2,=
V22 422 412 3°3°3
an
(VF)(2,2,1) = (3,-5,2).
Therefore,
(D.F)(2,2,1) = (VF)(2,2,1) - u= 6_10 + 2 = —g.

3 3 3 3

(3) Given that sin (z 4+ y) +sin (y + z) = 1 (with cos(y + z) # 0).
(It may be assumed that z is a sufficiently smooth function of z and y).
Differentiating w.r.t. x while keeping y fixed, we get

cos (z + y) + cos (y—}—z)% =0. (%)
Similarly, differentiating w.r.t.y while keeping x fixed, we get
cos (x +y) + cos (y + z) (1—|— 3—2) =0. (xx)

Differentiating (*) w.r.t y we have

—sin (z +y) — sin (y + 2) (1—|—g—;) %+Cos(y+z)ai2§y =0.

Thus, using (*) and (**), we have

aaxz(;y
— ﬁm [Sin(x+y) + sin (y + 2). <1+ g;) gi]
- e () ()
= fmetan(erz)(m-
(4) We have

[y (0,0) = ’1{)% f2(0,k) ; f2(0,0)

where (noting that k # 0)

f(h, k) — f(0,k) f(h,0) = £(0,0)

fx(0,k) = Lim h = —kand f,(0,0) = lim - —0.
Therefore,
fzy(0,0) = lim —h=0 = —1; similarly f,,,(0,0) = 1.
k—0
Thus

fzy(o,o) # fyr(oa O)'
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By directly computing fa,, fyz for (z,y) # (0,0), one observes that these are not
continuous at (0, 0).
(In the following Hy(a,b) denotes the Hessian matrix of a sufficiently smooth
function f at the point (a,b)).

(5) (i) We have

12 0

fz(=1,2) =0 fy(=1,2); Hf(—1,2) =

0 48
D=12x48 > 0, fu.(-1,2)=12> 0= (—1,2) is a point of local minimum of f.
(ii) We have
6 -2

f2(0,0) =0 = f,(0,0); H;(0,0) =
-2 10

D=60—4 > 0,fs:(0,0)=6>0=(0,0) is a point of local minimum of f.
@?+y?)

Critical points are (0,0), (£v/2,0), (0, £v/2).

(=2+4?)
2

H(0,0) = { 20 = (0,0)is a saddle point of f.

T4 :
Hp(£V2,0) = { e 0 = (£V2,0)is a point of local maximum of f.

4
H(0,+V?2) = [ e 2 = (0,4V?2)is a point of local minimum of f.
e

(ii) fr = 32%—3y? and f, = —6xy imply that (0, 0) is the only critical point of f.J]
Now,

Hf(o,())—{g 8}

Thus, the standard derivative test fails.
However, f(+e, 0) = £¢> for any € so that (0,0) is a saddle point of f.J]
(7) From f(z,y) = (22 —4x)cosy (1 <z <3,—m/4 <y < 7/4), we have
fo = (22 —4)cosy and f, = —(2? — 4z)siny.
Thus the only critical point of f is P = (2,0); note that f(P) = —4.

Next, g+(z) = f(z,£]) = (12\;549:) (1 < 2 < 3) has & = 2 as the only critical

point so that we consider PL = (2,£7); note that f(Ps) = \/%.
We also need to check g+(1) = f(1,£7%) (= f(Q+)) and g+(3) = f(3,£%) (=
£(S1)); note that f(Qx) = =2, f(S+) = - 2.

Next, consider h(y) = f(1,y) = —3cosy (—7n/4 < y < «w/4). The only critical
point of h is y = 0; note that h(0) = f(1,0) (= f(M)) = —3. (h(£w/4) is just
f(Qx)).

Finally, consider k(y) = f(3,y) = —3cosy (—n/4 < y < w/4). The only critical
point of k is y = 0; note that k(0) = f(3,0) (= f(T )) = —3. (k(£w/4) is just
f(S+)).-

Summarizing, we have the following table:
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Points | Py P | Qs | Q- Sy S_
1

_4 1T _4 1 _3 3 3
Values 7 7

Sl
L)
S

2
By inspection one finds that

fmin = —4 is attained at P = (2,0) and
funae = = J5 at Qi = (1, %m/4) and at Sy = (3, %m/4).
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3.8. Tutorial sheet 8

(iif) /O " (tan" () — tan~ (2))d = /0 2( :x y)
S L) e [ )

1, ydy /2” y, dy
= 1—-— + 2 Z
/0( 7T)1+y 9 ( 7r>1+y2

7T—1 — T 1 T
= ——log(1+y?)[j + 2tan~" y[5™ — —log(1 +?)[3

-1 . . 1 (472 + 1)
=3 log5 + 2(tan™ " 27 — tan™ " 2) o [log 3 .
2z 5 1 R
(3) //e d(z,y) = / (/ e””dy)dx:/ 2ze” dr=e—1.
D 0 0
(4) Put
m_u—v _u+v
T YT

Then the rectangle R={r <u <3w, —7 <v <7}

in the uwv-plane gets mapped to D, a parallelogram in the zy-plane.
Further,

1/2 1/2 |~ 2

// o — y)?sin? a:+y)dxdyf//v sin? () dudv
:;</Wv2dv) (/:msm (u )du>_ ; <2>< 7;3) () = 7;4.

U
T=—, y=uv.
v

—~ 1
J‘ /2 —1/2 ‘

and then

(5) Put

Then the rectangle R = {1 < u < 3,1 < v < 2} in the uv-plane gets mapped to D]
in the zy-plane.

Further,

/v —u/v?
v u

J= _ 2
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and then

=t [ S () ([ %) -0

(6) (i) Setting
x = pcos(f),y =psin(d), 0<p<r,0<6 <2,

and using J = p, we get

27 T
// e_(x2+y2)d(ma y) = / / e "’ pdpdf = m(l— e_’"z).
D(r) o Jo

Therefore, letting r — oo, we obtain the limit to be .
(ii) By symmetry, the required limit is lim — (1 —e ’”2) =T
r—oo 4 4

(iii) Let
I(r) ={lz| < mly[ <7}

// e_(m2+y2)d(x,y) < // e_(m2+y2)d(x,y)
D(r) I(r)
< / / o))
D(rv2)

Therefore, letting r — oo, we obtain the limit to be 7 using the Sandwich

Then

theorem.
(iv) The required integral being one-fourth of the integral in (iii) is 1

(7) By symmetry, the given volume is 8 times the volume in the positive octant.

In that octant the volume lies above the region @ = {z >0, y>0, 22 +9y% < a? }I
and underneath the cylinder z2 + 22 = a2.

Therefore,

a Va2 —z2 a?—x?
V= / / / 1dz | dy | do = 152
0 0 0 3

Dz{(m,y,z)|—1§x§1,—\/1—x2§y§\/1—332,\/x2+y2§z§1}.

V2 V2—x2 2
I :/ / (/ xdz) dy | dx.
0 0 r24y?2

We can also write the region of integration D as

D={(z,y,2)[0<2<2, 0<y<+z 0<z<+2z—1y%}

12/02(/0“@(/0 Z‘%dz)@d W2

(10) (i) Using cylindrical coordinates, one has

2
I= / / / Hrdrdodz = 7 /3.

3

(8)

(9)

Thus
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(ii) Using spherical coordinates, one has

27 T 1
I= / / / (exp(r3)r2 sin pdrdedd = @'
0 0 0

61



62 3. SOLUTIONS

3.9. Tutorial sheet 9

(1) (i) Note that
or  O(x? +y? + 22)1/?

F I =ux/r.
Similarly, 8% = y/r and 4= = z/r. Now,
ot _ m‘"*lﬁ =nr" 2z, etc
or or ’ :
Hence, V(r") = nr"2r.
(11) Lettlng n = —1 in (l) we haVe v(’l‘_l) = _T'_3I'. Hence’ a - V(T_l) —
—r~3(a-r).
(iii) First we compute V(a-V(r—1)):
9 ra-r\ 0 fair+ay+azz\  a o3 a .
8:1:( 3 ) _%(r—3> —T—g—i—a-r o —T—3—3xr (a-r).

Hence,

b-V(a-V(r 1)) =—r"3a-b)+3r @ r)b-r).

(2) (i) V(fg fZia(fg): ﬁngZif@:giJerg-
(ii) Since fn nf™~ 1(‘3f , hence V" =nfr-1Vf.

(iii) Since,
o (f\ _ of .9y
e (5) = (ax‘f )’

()T (1) (o5

which is the desired result.

B) 0) V() =Y 5 (o) = —vlJeravl—VfoerfV.v.
(ii) VX(fv)—Zix%(f )= ix( aTcV +) ix (fom
:(Z—1>><v+fZ1><—v7Vf><v+f(V><v)

(i) V x (V xv)

87( ) ZZ( 8x5‘y))
- ii- £ ) zg—zzjgz(i%v)—m
=V(V-v)- Av
(iv) Since 5
(1) =21 ax(zf j) = Zax<fag) V-Vt fAg.
we have

V- (ng) V- (gVf) = fAg—gAf.
(v) V-(V xv) Zl (ZJX—V)Z (ZJ 3m8y>
- ZZ J) a 8y =2k <8a:8y 662128‘;) =0,

by the equahty of mixed partials.
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() ¥ (90) = Yix o (i) - S xx ik
= Zk(amy % ) =0

(vii) Note that
9T Vg =g Y igk x £ Yig! =SS pali < 5

of 0 of o
= fo((5 5 - 555 i

7]
TEETEY 0f dg 99 of
or oL of|_$ g 999T;
=l o 5| = fg(ayaz ayaz>1'

ox dy 0z
Hence,

9/ (0f0g 0gdf
:Z%( (5,52~ 9y 0:)

df 9g  Og of af r0f 0g 0g df
-y (5,92 " 509:) T299: (5,92 ~ 9y 0s)

0%f 0g  O0%f Og 0%g Of 0%g Of
+ng<6m8y$_ 8x8287y)+zf (83:82 dy 8y8x5)'

Each of the four sums vanishes individually.

(i) Since 8f( ) =f(r ) = f'(r)x/r, we have
(V) =Y %(f’mf)

:Zf”(r)%Jer -3 5 e )+Tf()~
(ii) div(r"r) =3 Z(rma) =3 (r" 4+ nr 122 )—3r +nr" = (34 n)r".
(iii) Note that V( n+2) = r"r, by exercise 1( ). So,

,rn+2

curl(rr) = curl(grad(n n 2)) =0,
by exercise 3(vi). If n = —2, then
V(logr) =r"%r

and hence,
curl(r~?r) = curl(Vlogr) = 0.
(iv) Using part (i) it follows that

div(Vr_l) = %(1> + g(di?n(r_l)) =0.

(i) V- (uxvwv) Zl (uxv)) Zl —xv +Zl ux—
:lea—x ~V—Z(1><g—;{)~uzv-curlu—u-curlv.

(Def: A vector-field u is said to be irrotational if V x u = 0. A vector-field
u is said to be solenoidal if V- u = 0. We have now proved that if u and v
are irrotational then u x v is solenoidal. )
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(ii) Vx(uxv):Zix(%(uxv):Zix(%xv)—k ix(uxg—;):Z(i.v)
=(v-Vu—(V-u)v+(V-v)u— (u-V)v.

(iii) V(u-v) :Zi%(u-v) :Zi(g—z-v) +Zi(%-u)

+(v-Vu+ (u-V)v

=v X (Zix (%u) +u x (Zix (%v) + (v -Vju+ (u-V)v
=vx(Vxu)+ux(Vxv)+ (v -Viu+ (u-V)v.

(6) (i) Let w = fu, where f is a scalar field and u is a constant vector. Then,
w-(Vxw)=fu-(Vxfu)=fu (fVxu+Vfxu) (using 3(ii) ) =
f2(u-(Vxu)+ fu-Vfxu=0 (using 3(v)).

(ii) Here r = (x,y,2). Thus, Vxv=V x (wxr)=(r-V)w— (w-V)r+ (V-
r)w — (V- w)r (using 5(1i) ) = (V-r)w — (w - V)r = 3w — w = 2w.
(iii) Let f = p~!. Then, using problem 3(ii) and 3(vi),

Vxv=Vx(fVUp)=Ff(VxVp) +VfxVp=—f3(Vpx Vp).

Hence
v (Vxv)=—f3Vp-(Vpx Vp) =0.
(7) Parameterize the curve C as ®(t) = (t,t?). Then, ®'(t) = (1,2t). Thus

/F~ds
c

1
/ (12 =263, — 2t3) - (1, 2t)dt
—1

! f 14
= / (2 = 263) + 2t(t* — 2t3)dt = ——.
. 15
(8) A parametrization of the ellipse is given by
v(0) = (acosb,bsinf),0 < 6 < 27,
and
7' (0) = (—asinb,bcos ).

Thus,
F(acos,bsinb) -+'(0)
= (a®cos? 0 + b*sin? 0, acos§ — bsin ) - (—asin b, bcosh)

and
[ Fa)-ds
C

27
= / [(—a® cos® §'sin 6 — ab® sin® 0) 4 (abcos? 6 — b? sin 0 cos 0)] o
0
= mab.
(9) A parametrization of the curve is given by

~v(0) = (acosf,asind),0 < 0 < 2.
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Thus, x(f) = acosf,y = asinf, and the required integral is

2 9o . o 2/ . - 2T 2
/ a?(cos @ + sin@)(—sin ) + a*(sinf — cos ) cosﬂda _ / a” 10— _o-
0 0

a? a?

(10) For the curve z = xy,x? + y? = 1, we can use the parametrization
x=cosf,y =sinf,z =sinfcosh, 0 < 0 < 2m.
Thus,
/ydm + zdy + zdz = /ydx + (zy)dy + z(xdy + ydx)

2
= / [sin 6(— sin @) 4 sin 6 cos @ cos O + cos? O cos O + sin 0 cos (— sin 0)]df
0
2
= / [~ sin? @ + sin O cos? O + cos® 6 — sin? O cos O]df
0 27 2
=— / sin” 66 + / sin 6 cos® 66
0

0
27 2
+ / cos® 6df — / sin? 6 cos 0db
0 0

= —T.

65
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3.10. Tutorial sheet 10
(1) Let
~v(t) = (acost,asint, ct).
Then ~/(t) = (—asint,acost,c) and ||v ()| = vVaZ + ¢2. Hence

u(t) = /O Ja® § Edt = (Va1 A,

Thus the arc length parametrization is

) = (acos (\/aQuW> asin (\/a2u+ 02) , \/a;ﬂfk c2>.

+1 24 +m/4 1
/ :,/ %:7/ sin? = —7w/4+ =,
Ch o1 (1+22) —7/4 2
+1 d +m/4

/ :7/ %:7/ cos?0df = —mw/4 —1/2,
Cz —1 (1+y ) 77‘—/4
+1 27, 2
—xdx 1
= P ——— = — 4+7,
/Cs /—1 (1+.’E2) 7r/ 2
+1 —d
Y
— —_— = —T 4—1 2.
/6'4 /4 (1+y?)? / /

o= o e

(3) A parametrization of C' is

(2)

Hence

~(t) = (cost,sint), 0 < t < 27.
Also,
V(a? —y?) = (22, -2y).
Thus

2m
7{ V(2? —y?)-ds = / (2cost,—2sint) - (—sint,cost)dt
c 0

27
= / (—2sin2t)dt = 0.
0
(4) Parameterize C as
V(t) = (t,t%)
for 0 <t < 2. Then +/(¢t) = (1,3t?). Since V(22 — y?) = (2t, —2t3),

2
/ V(z? —y?) -ds = / (2t — 6t°)dt = 4 — 64 = —60.
C 0

(5) The required integral is

/ dr + dy / dr + dy / dz + dy / dr + dy
= T T + + .
o =zl + 1yl Jo, lel+ 1l Jog lel+ 1yl Jo, 12+ 1yl

Along C1: z+y=1and |z|+ |y =2 +y=1. Thus

0 0
/ dx+dy:/dx—/dx:0.
o ol + [yl 1 1
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Along Cy: —z+y =1 and |z|+ |y| = —x + y = 1. Thus

1 1
/ dx—l—dy:/ dm—i—/ der = —2.
o lz[+ 1y 0 0

Along C5: z +y=—1and |z| + |y| = —x —y = 1. Thus

0 0
/ dx—i—dy:/ dm—/ dr = 0.
cs 17+ 1yl -1 -1

Along Cy: z —y=1and |z|+ |y| = —y = 1. Thus

1 1
/ M:/ dx+/ dx = 2.
o |zl + 1yl 0 0

/ dx—|—dy:2_2:o.
ozl +yl

Hence

(6) The work done W is

/ F.ds = [ wydx + x5y dy
c

- fol az’Tldx + fol(a2x2b+6)(abmb_1)dx

3
—_a 4 a’b
=512 1 376

a a’b
=2 (1+ T)

This will be independent of b iff ‘Z—Vg =0iff 0= W iff a = \/g(as a >I
0).

(7) First we observe that the cylinder is given by
(r-5) v =5
x— = =—.

2) TV T

From the equations of the sphere and the cylinder we have that, on the intersec-
tion C,
2% =a® - ax.

Noting the requirement z > 0, a parametrization of C'is given by

0
z:%Jrgcos@, y:gsine,z:asin§;0§9§27r.
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Then
27 2 9
/CF -ds = /0 [<CzL sin? 9) (—% sin @) 4 (a?sin® 5)(% cosf)
2 2 2 9
+ <Z + az cos? 0 + % COSG) (% cos 5)]d9
27 3 3 0 3 3 2]
= /0 [—% sin® @ + %SinQ 50059—1— %cosg + %c0529cos§
3 0
+az cos 0 cos §]d0
_ _m
= T
oP 0
(8) ET 3z, % = 3%y where (P,Q) = F. Now
oP 0
8—3}:8—? iff 3z =32%

iff  either x =0 or zy = 1.

Since the sets {(z,y)|z = 0},{(z,y)|ry = 1} are not open, F(z,y) is not the
gradient of a scalar field on any open subset of R2.

(9)
oP y? — 2? 0Q 9
5y = = g E(0.0)
However, F # Vf for any f. Indeed, let C to be the unit circle 22 + y? = 1,
oriented anticlockwise. Then one has

2m
]{ F-ds = / (—sint,cost) - (—sint, cost)dt
c 0

= 21 #0
(10) Suppose F' = V¢ for some ¢.
Then 5
8% =2zy+2° = ¢(2,y,2) = 2’y + 22w + f(y,2)
for some f(y,z). Assuming f has partial derivatives, we get
0
09 - 224 of — 2
Ay Ay
0
so that a—g =0

and f(y, z) depends only on z

0
Let f(y,2) = g(2). Then ¢(x,y,2) = 2%y + 23z + g(2) = a—f =320+ 9 (2) =
32%c = ¢'(2) = 0. Let us select g(z) = 0. It can be checked that ¢(z,y,2) =

2%y + 23z satisfies Vo = F.
Hence
j{ F-ds=0
c
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for every smooth closed curve C.

(11) Fz,9,2) = F(r)r = (F(r)a, £()y, £(r)2). Since
r = (x2_~_y2+22)1/2’

or x Or y Or z

e Ay o
If Fis to be V¢ for some ¢, then we must have ¢, = f(r)z, ¢, = f(r)y, ¢, =
f(r)z; that is,

bo=2llr) = rf() = oorf(),
0
Gy =yfr) = [rfr)=5rf)
z

-
n
Il
N
~
—~
=3
~—
I

Zrf(r) = 9L ().

r

-

Now it can be seen that ¢(z,y,z) = / tf(t)dt, with some tq fixed, satisfies all
t

the desired equations. ’
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3.11. Tutorial sheet 11
(1) We have to show that

//R(gx — fy) dedy = ng(fdx + gdy).
lhs = //R4xydxdy = /01 (/01_12 4a:ydy> dex = %

Observe that the boundary of R consists of three smooth curves: a segment
of the z-axis, a part of the parabola y = 1 — 22 and a segment of the y-
axis. The integral on the rhs vanishes on both the axes. We choose the
parametrization t — (t,1 —t2), (¢t € [0,1]) for the part of the parabola
traced in the opposite direction. This gives

rhs = ]{ (—zy? dx + 2y dy)
OR

= _/1[_,5(1 Y 21— 2)(—20) dt = %

1 T
th://(eerQacfo)dxdy:/ </ e””dy) dr = 1.
R 0 0
d

rhs = j{ [2zy dz + (e* + x2) dy]
OR

(i)

arn

1 0
:/ (e+1)dy+/(3t2+et)dt:e—|—1—e:1.
0 1

(Observe that f and dy are zero on the horizontal segment of the curve,
whereas on the vertical segment dx = 0.)

(2) (i) Here
flx,y) =y g(z,y) = .

Therefore, the given path integral is equal to

2 2 2
//(lny)d;I:dy://(lny)dyd:z::ZlféL/ der=4-8=—4.
R o Jo 0

(ii) Here
11
//(1—2y)dxdy:// dxdy—i—/ / (—2y)dydx =4+0=4.
R R —1J-1
(iii) Here
2 V2—z2
/ (1 —2y)dzdy = // dzdy +/ / (—2y)dy| dx =47+ 0.
R R -2 —V2—z2
A 2

(3) (1) A= 3T (i) A=a%/2.
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(4) (i) The required area is bounded by the curves
Cy:r=p@) =a(l —cosh), 0<0<7/2

and Cy which is a portion of the y-axis. In any case, the required area is

equal to
1

5 f[i; P(0)2 do.

Since 6 is a constant along the y-axis, this integral is to
1 /2 a?
= 0)>df = —(3m — 8).
5 p0ra = Fer—y

(ii) The required area is

1
77{ xdy — ydx.
2 Je

Here the boundary curve of the interval [0, 27] and the cycloid above traced
in the opposite direction. But the integrand is zero on the z-axis, since both
y and dy vanish there. Hence the required area is

2 27
a
—5 / (t —sint)d(1 — cost) — (1 — cost)d(t — sint) = 2ma.
0
(iii) Here we use the polar coordinate form as in the previous exercise:

A= lf p(0)d6.
2 Jc

(This formula follows from Green’s Theorem.)
Since 6 is a constant on the two axes, this integral is equal to

1 [/ 1 /37m—38
— 1-2 0)?do = = .
2/0 ( cosf)“d 2( 5 )

2
x2e Y

(5) Observe that

ze V' dz + (fxzyefy{z)dy =d(

).

Hence the integral of this term along a closed path vanishes. So the given integral

is equal to
! dy
c 2 +y%

We compute this directly. Observe that dy = 0 along the two horizontal parts.
But then the integral along one vertical segment cancels with that on the other
since the integrands are the same and the segments are traced in the opposite
direction. So the value of the required integral is equal to 0.

(6) Take f = —y> and g = 2% and apply Green’s theorem. We get

rhs = // (322 + 3y?) dxdy = 31,.
D
(7)

u-v = (ay —ay)a+ (by — by)b.
Therefore taking f = (a? + b%)/2 = g, we see that

[fpu-vdzdy = [[, (92 — fy) dzdy
= faD(fda? + g dy)
= 14 1+y?)(dz+dy) =0.
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(The last equality follows by considering the parametrizaton (cos@,sinf), 0 <
6 < 27). Likewise we see that

2m
// u-wdxdy:% (ab)(dx—i—dy):—/ sin? 0 df = —.
D oD 0

(8) Since V2(2? — y?) = 0, using one of Green’s identities (refer to (9),(i)) one has
%Vx—y nlds| = j{ ( )\d| / V2(2? — y?) dzdy = 0.

V2w = 0 hence, %—dS—O

(b) Put H=F — G. Then curl H = 0. Since D is simply connected, there exists

u such that grad v = H. Now div H = 0 implies that V2u = 0, i.e., u is
harmonic. Finally H -n =0, i.e.,.Vu-n = % = 0 on the boundary implies,
using (9),(ii), that u is a constant. But then H = gradu = 0 and hence
F=G.

(10) (i) There are two distinct cases to be considered:
Case (a): Suppose the curve does not enclose the origin. Take

__Y z
f(xvy)_$2+y x2+y2
and apply Green’s theorem in the region R bounded by C. So the integral

is equal to
// (92 — fy) dady.
R

A simple computation show that g, = f, and hence the integral vanishes.
Case (b): Suppose the curve encloses the origin, i.e, (0,0) € R. (Now the
above argument does not work!) We choose a small disc D around the origin
contained in R and apply Green’s theorem in the closure of R = R\ D. As
before, the double integral vanishes. But since the boundary of R’ consists
of C and —9D it follows that

j{ydxfxdyij{ ydx —x dy
c 24+y:  Jop @2+y?

We can compute this now by using polar coordinates and see that this is
equal to —27.

(ii) Here again, we take D to be a small disc of radius € around the origin and
contained in the square R and apply Green’s theorem in the closure of R\ D.
Taking

5, 9(7,y) =

2 3
B %y _ x
f(xvy) - (x2+y2)2ag(x7y) (x2+y2)27
we once again observe that the double integral vanishes since g, = f, =
2 2 4 2 2
% Hence the given line integral is equal to the corresponding
line integral taken over the boundary of D. This can be computed by using
the parametrizaton (ecosf,esinf), 0 < 0 < 27. The answer is —7 /4.
(iii) We have
a(l 1
(logr) _y  0(ogr) — z
dy 2 +y? ox 2 4+ 12
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By part (i), the required line integral is —27.

73
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3.12. Tutorial sheet 12

(1) () Ons,
1
z = 5(4—|—y —z) = h(x,y) so that
1
®,y) = (wy,5(@+y—2) (z,y) €R®
can be chosen as one parametrization. The normal vector is
1 1
P, xd, = (z,—=,1).
X @y (2 B )

(i) For S :y? + 22 = a?, a parametrization is
D(u,v) = (u,asinv,acosv),u € R0 < v < 2.
The normal vector is

o, x®, = (0,asinv,a cosv).

1,1
(iii ) Hfe= ( ’\/é ), then e is a unit vector along the axis of the cylinder.

Consider the planar cross-section of the cylinder through the origin O. This
is a circle C of radius 1. Fix a point P on C. Then OP is a unit vector, say
u. Let v =e x u. Then a point on the cylinder is parameterizable as

®(0,t) = cosbu+sinfv +te,0 <0 < 2m,t € R.
The normal vector is
Py x Py = cosbu+ sinfv.

(2) (a) The area SA of the surface S with projection R on the xy-plane is given by

SA= // sec ydxdy
R

where 7 is the acute angle between n and (0,0, 1) at a generic point on the surface.
Thus, if this angle is the same at every point on S, we have

SA =secy // dedy = secySAgy,
R
where SA,, is the area of R. Hence,
SAyy = SA cosvy.
(b) By (a) above, one has (for appropriate «, 8 and =)

S1 = Scosa,
So = Scosp,
S3 = Scosn.

Thus S? + S3 + S35 = S%(cos? a + cos? B + cos? ) = S2 in view of the fact that
cos a, cosf3, cos~y are the direction cosines of n.
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(3) There are two pieces of the surface - one below and one above the zy-plane,
both having the same area. Let S be the upper piece. Then one has

Area(S) = // \/ 1+ 22 + 22dxdy,
T
where T is the disc

a a
@y <ayy = {a+ (-3 < (37},
and z = y/a2? — 22 — y2. Since
Zg = _— andz, = —y,
z z

it follows that

Area(S) = adxdy _ adxdy .
T 2 7 \/a? — 12 — 92

Now T is described in polar coordinates by
xr=rcosf, y=rsinf; 0<O<7m, 0<r <asinb.

Therefore,

T asin @
ardr
A S) = —— | df
rea(S) /0 (0 F_ﬂ)
za/ [V a2 —r2]|35nap
0

= a/ (—alcos O] + a)dd = (7 — 2)a.
0

Thus the required area is 2(m — 2)a?.
(4) (i) A point (2,7, 2) on the surface satisfies 2 = 22 + y?. (The surface is thus a
portion of a paraboloid of revolution). The given portion lies between the planes
z =0 and z = 16. u = c gives a horizontal circular section, while v = ¢ gives a
profile curve which is the portion of a half parabola.
(ii) @, x ®, = (—2u? cosv, —2u?sinv, u).
(iii) S = [27 [, 1@y x ®yldudv = 27 [ u/Au? + ldu = T(65v/65 — 1).
Therefore, n = 6.
(5) The area of the paraboloid 22 + 22 = 2ay between y = 0 and y = a is given by

o= e (3 + () o

where T is the region {z? + 2% < 2a?} in the zz-plane. Hence,

2 2
S = 1+ r + Z—d:vdz
T a’?  a?
2 a2 r2
= / / 14+ —= rdrdf
0 0 a

= %”(3\@ —1)a?.
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(6) We choose the coordinate system in such a way that the center of the sphere is

located at the origin and the central axis of the cylinder coincides with the z-axis.
We consider the case when one plane is cutting the sphere at height h above the
xy-plane and the other plane is cutting the sphere at depth k below the xy-plane.
(Other cases can be treated similarly). We compute the surface areas S; and So
of the ‘upper’ and ‘lower’ caps of the sphere and subtract their sum from 4ma?.
We are expected to get the result to be 2ma(h + k).
Note that the plane cutting the sphere at height h above the xy-plane intersects
the sphere in the circle 22 + y? = a® — h?. A parametrization for the upper cap
of the sphere is thus given by ®(z,y) = (z,y, v/a? — 22 — y?) with (z,y) € D =
{(z,y) : 2% + y* < a®? — h%}. We have then

_ -z 2 —Y 2

51—//[)\/1—1-( /a2—x2—y2) +( /a2—x2—y2) drdy
“ o VAR
— dxdy = ————— rdrdf

//D Va2 —x? —y? Y /0 0 Va2 —r?

= 2wa(—h+ a).

Similarly, Sy = 27a(—k+ a); and then 4wa? — (S; + S2) = 2wa(h + k), as desired.
(7) (i) Note that @, x ®, = —2(1,1, 1) has negative z-component. Thus,

F-n|dS|=—-F - (9, x ®,)dudv = 2(x + y + z)dudv = 2dudv,

one has
// F - n|dS| = 2Area(S"),
s

where S* is the parametrizing region in the wv-plane. As the components of ¢
are affine-linear in w and v, S* is also a triangle whose vertices are pre-images of

11 1 1
the vertices of S. Now the vertices of S* are (0,0), (5, 5), and (5, 75) so that
1 1
the area of S* is 7 and hence [[q F - n|dS| = 3
(ii) The surface S satisfies z=1—2x —y >0, 2 >0, y > 0. Thus,
F-n|dS| = (2,y, 2) - (—22, —2y, 1)dzdy = (x + y + 2)dzdy = dzdy
and ST ={z+y <1,z >0,y > 0} as the parametrizing region, one has

1
//F-n\dS\z// dxdy = Area(ST) = =.
s s: 2

(8) A parametrization of S is
®(u,v) = (asinvcosu,asinvsinu,acosv),0 <u<2m, 0<v <7
and
D, x ¢, =asinv P(u,w)
is the outward normal. The integrand is
F . (®, x ®,) = a*sin®vcosv(1 4 cos® u).

Thus the required integral is

2m ™
/ / a*sin® v cos v(1 4 cos? u)dudv
u=0 Jv=0
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™ 2
=a* (/ sin® v cos v dv) (/ (1 + cos? u)du) =0
0 0

(9) The hemisphere satisfies

=+/1—a2—y2, 22442 <1
Using

(_Zﬂvv_zyvl) = (7a al)

ry
z z

and

1—2zy — 22
( Ty y)dxdy
V4

F-nldS| = (w,~2z —y,2) - (2, L, 1)dwdy =
z Z

and T = {(z,y) : 22 + y*> < 1} as the parametrizing region, one has

22y — 2
J[Feulasi= [[ & 1_xz2_?y/>ddy

/2”/ —r2sin26 — 2r?sin® )rdrdd 27

V1—r2 37
(10) The flux through the base T is

Jfr om0

as F'-(0,0,—1) = —z = 0 along T. The total flux is therefore the same as in the

previous problem, namely, —
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3.13. Tutorial sheet 13

(1) We have
W = {(z,y,2)|y* + 2> < 2,0 <z <4} and
ow = SlLJS'g7 where
S1:®(x,0) = (x,zcos6,xsinh),0 <6< 2m,

Sy ix=4,y%+ 2% < 16.

Along Sp, @, x ®p = (x,—zcosf, —xsinf) = (z,—y, —z) so that the outward
normal is —®,, x &y = (—x,y, z). Thus

4 2m
// F-nl|dS| = / / (—2%y? +y?2? + 2%2?)dxdd
51 o Jo

4 2m
= / / 24 (= cos? 6 + cos® fsin? 6 + sin” 0)dxdf
o Jo
4

2m
= (/ x4dx) (/ (— cos? f + cos? fsin” § + sin? 9))
0 0

£ ar
5 4 5

Also, along S, the outward normal (to x =4 = f(y, 2)) is (1,0,0). Thus

// F-nl|dS| = // 4y2|dS|:// dyPdydz
So Sy y2+z2§16

27 4
= 4/ / r3 cos? Odrdf = 4*x.
0 0

Now

)

JI[ avraeus = [[[, e+ P

0<z<4

= /04 (/Ox (/02”(352 + 7“2)rd7“d9> dm)
= 277/04 (/(J$(:c2r+r3)dr) dx

4 4
- 277/ 327 g = 4297
. 4 5

6
Since 44% = 44% + 4%, the divergence theorem is verified.



(2) We have divF =

I =
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(y+2z+2) and

/X/ T+y+2)d(z,y,2) =
/// ﬂﬂ%yﬂ)+/yy yd(z,y, z) +

= //b(l_)/a(l__ xdrdydz + (- )+ ()

Now,

a%be n ab +
24 24 24

abe
24( a+b+c).

Jf e

79

//F-n|d8|:// F-n|dS|+// F~n|dS|+/ F~n|dS|+/ F-nldS|
S S1 Sz S3 S4

where .
S1: z=0; 7+%§1, z,y > 0 and

a
Sy y=0; z+E§1, x,z >0 and

a ¢
S3: x=0; EqL%Sl, y,z > 0 and

c
Sy E+y+f 1, z,y,z > 0.

a b ¢
Also,
along S;, n=(0,0,—1) =F-n=—-22=0 (asz=0o0nS5);
along So, n=(0,-1,0) =F-n=—-yz=0 (asy=0onS5);
along S3, n=(-1,0,00 =F -n=—-2y=0 (asx=0on Ss).
Along Sy, the outward normal (to z = ¢(1 — £ — ¥) = f(x,y)) is (£,

that

JL.r
Sy

(3) Consider F =

// uon,|dS]
oW

Hence

I,

cxy  oyz
n|dS| //$+y<1zy>0< a * b +Zx>d(x’y)

/ /b(l
ab’c

B +abc+abc
A 24 24

abc
= o —(a+b+c).

wv(1,0,0). By the divergence theorem, one has

- I e
0 e [

= //@W(uvnx)|d5| - ///W”gzd(x’y’z)

yd dy + (-

SENON

d(z,y,z

7d($,y, Z)

,1) so
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(4) Since V- (¢Vo) = ||[Vo||? + ¢V2¢, we have V2¢p = 10¢ — 4¢, i.e., VZ¢p = 6. Thus

// 99145 = // erade - n|ds|
// div(grade)d(z,y, z —6// d(z,y, z)

= 6 (Volume of the sphere) = 6 x ? = 8.

(5) Let F = (,0,0). Using the divergence theorem, we get

//Wd(x,y,z)://sxnw\dS\

Similarly, letting F' = (0,y,0), we get

[ mlas

S

// zn,|dS].
S

(6) Let W denote the solid cube. Consider

and letting F' = (0,0, z), we get

I = // 22dy A dz + y2dz A dx + 22dx A dy
s
[ -masi
where F' = (22,52, 2%). We have then, using the divergence theorem,

/// (div F)d(z,y, z /// (z+y+ 2)dxdydz = 3.

(7) The required integral is I = // (F - n)|dS|, where F = (yz, zx, zy).
ow

Since div(F') = 0, one has

I= ///W(divF)d(:r,y,z) =0.

(8) By the divergence theorem, one has

//SUSl(VxF).MdS ://Wv‘(VXF)d(x,y,z):O,

where S is the disc 22 +y% + 22 =1, z = 1/2. Thus

//S(VXF>'n|dS|:/SI(VXF)'”WSL

where 7 in the rhs integral is the vector (0,0, 1); soths = [[ (VX F)-(0,0,1)[dS|.
But the coefficient of (0,0, 1) in curl(F') is 0. Hence, curl(F') - (0,0,1) = 0. Thus

/ (V x F)-(0,0,1)|dS| = 0.
S1
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This gives
/S(V x F)-nldS| = 0.
(9) Note that

p= et :
x2 y2 22 x2 y2 22
ar Tor T atmEta

(a) Let F = (z,y, z). Then

//SFn |dS]|
/ / plas = [ /W avF dia.2) =3 [ /W dz,y,7) = 3 (ﬁrabc) _ 4mabe.

(b) Let F = —(:1: y,2). Then

//f ds|
//F n |dS| = // divF d(z,y, z)
z
= /// <a4++ )d(w,% 2).
Let x = arsingpcosf, y = brsinpsinf, z = cr cos ¢. Then
1
// Las)
sp
27 .. 3 .2 . 2
_ 5abc/ / / (sm © cos 9+sm Lz;m 9+smgpc(;os Lp) drdbdy

_ abc/ /2” (sm pcos? 6 sin3gpsin29+sin<p(;05230) d0dip

b2 c?
_ T /sin® o sin® gp 25sin ¢ cos?
= wabc/ < > + 72 =2 >dg0
0

4 L1 1 AT 90 22 919
= 37(abc(a2+l)2+02> 3abe —(b°c” + c*a” + a“b?).

(We used the fact that the Jacobian of (z,y, z) with respect to (7, o, 8) is aber? sin ). Jj
2
Aliter: If ¢y = % 4+ % 4 % then

//s%‘ds‘ // <J)-n|d$|://sw,n|d5|
[
// V% xy’z):< +*+ )/// (z,y,2

1 1 1
= gﬂ'abc a2 + be + 0*2 .
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(10) For a simple closed (and sufficiently smooth) plane curve C : y(u) = (z(u), y(u)),}
parametrized by the arc length w, the outward unit normal at z(u) is n
(v (u), —2'(u)). Let D be the region enclosed by the curve C.
Let FF = (Q,—P) be a continuously differentiable vector field in a region
including C'|J D. Then
_0Q 0P

dlv(F)—%—afyananzQy’—&—Px/

Thus one has

j{C(F~n) |ds|:j{CPda:+Qdy://D @2?5) d(z, )
_ / /D div(F) d(z, y).
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3.14. Tutorial sheet 14

(1) The cone z = y/x2 + y? is parametrized as ®(z,y) = (z,y, /22 + y?). One has

then n|dS| = (— \/szryQ ,— \/x2y+y2 ,1)dzdy. Further, curlF = (0,0, 2).

(a) If S is the surface lying on the cone z = y/z2 + y? and bounded by the
intersection C of the hemisphere 2% + (y — a)? + 22 = a?,z > 0 with the cone,
then the projection R of S onto the xy-plane is given by 22 + (y — a/2)? < a?/4.

Thus one has

// curlF' - n|dS)| ://2 dacdyzQ// drdy = Ta*/2.
S R

With the choice of the normal n to S as indicated above, the induced orientation

on C' is counterclockwise (when viewed from high above). The projection of C

onto the zy-plane can then be described by (5 cos6, § + §sind) (0 < 6 < 27).
Thus,

?{F~d5 = ]{(zfy)dz+(x+z)dy+(y+z)dz
C C

]{ (xdy — ydx) + d(yz) + %d(x2 + 22)
c

2
= ]{ (xdy — ydx) = ol = ma? /2.
c 4

Stokes’ Theorem now stands verified.

(b) If S is the surface lying on the cone z = y/x2 + y? and bounded by the
intersection C' of the cylinder 22 + (y — a)? = a2,z > 0 with the cone, then the
projection R of S onto the zy-plane is given by z2 + (y — a)? < a?.

Thus one has

// curlF - n|dS| = //2 dxdy = 2// dxdy = 2ma®.
5 R

With the choice of the normal n to S as indicated above, the induced orientation

on C' is counterclockwise (when viewed from high above). The projection of C

onto the zy-plane can then be described by (acosf,a +sinf) (0 < 6 < 27).
Thus,

%Fwis = %(x—y)dx—i—(x—i—z)dy—i—(y—l—z)dz
c c

7{ (xdy — ydx) + d(yz) + %d(ac2 +?)
c

= 7{ (xdy — ydz) = 2ma®.
c

Stokes’ Theorem now stands verified.
(2) For F = (yz,xz,zy),
ik
al(F)=| & & & |=@-zy-pz-2=0
yz zr xy
Thus the required line integral is

//S curl(F') - n|dS| = 0.
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(3) By Stokes’ theorem, we have

//Curl (F)on|dS|:]{ F-ds+% F.ds
S C1 C2

where C} is the circle 22 4+ y? = 4, 2 = —3 with the counterclockwise orientation
when viewed from high above, and Cs is the circle 22 4+ y2 = 4,z = 0 with the
opposite orientation. Now,

curl F = (=3zy* — 322%)(1,0,0) + (2* — 1)(0,0,1) and

F-ds = ydz + z23dy — zy3dz.

2m
Along Cy, 2=0 ; F-ds=ydx and ydr = —/ (—4sin? 0| do = 4.
Cy 0

Along Cy, z=-3 ; dz=0; F-ds=ydx—2Tzdy = d(zy) — 28zdy and

2
f d(zy) 7]{ 28xdy = 728/ 4cos®0dh = —1127.
C1 Cy 0

// curl (F) - n|dS| = —108.
S

(4) Note that, to apply Stokes” Theorem, one would have to work inside U = R3 \
z—axis, as F' would not make sense at a point on the z-axis. But there is no
surface in U = R3 \ z—axis whose boundary is C. Hence Stokes’ theorem cannot
be applied.

Using the parametrization (cos#, —sinf), (0 <6 < 27) one has

_ 27
c c ?+y? 0

Hence

(5) Note that

F o= (2~ 22222227 ),
curl ' = (—2y—2z,—2z — 2z, —2x — 2y),
andn = L1 1).

V3

Thus, along the surface S which is part of the plane x +y + z = 37“ and which is

bounded by C', one has

2
curtlF'°n = ——W+z4+z4+z+2+
\/g(y Y)
4( Fy2) 4 3a
= ——(x Z2) = ——=—.
v V32

Hence
// curl F-n|dS| = —2\/§a//|d5| = (—2v3a)(Area of S).
s 5
The surface S is a regular hexagon with vertices (a/2,0, a), (a,0,a/2), (a,a/2,0), (a/2,a,0) ]}
(0,a,a/2),(0,a/2,a). Hence its area is

2
3§(Iength of side)? = 3—\2/3%
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Stokes’ theorem then yields that

9 3
j{ (y? — 22)dx + (22 — 2?)dy + (2 — y?)dz = —%.
c
(6) We have
Fo= (y,22),
cul F = —(1,1,1).

Parametrize the surface lying on the hyperbolic paraboloid z = zy/b and bounded
by the curve C' as (z,y, %) (2 +y* < a?) so that n|dS| = (=%, —%,1)dzdy and

1
// curl F - n|dS] f// (y +z — b)dxdy
s b 22 4y2<a?

1 2m a
= - / / (rsin@ + rcos® — b)rdrdd = —ma*
bJo Jo

(7) Letting r = (z,y, 2) and using S to denote the planar area enclosed by C, one
has
1

I = 3 j{ a(ydz — zdy) + b(zdx — xzdz) + c(zdy — ydz)
c

1
= ijinxr-ds
1
= 7//V><(n><r)-n|dS|
2J)Js
1
= f// 2n-n|dS|://|dS|:Area(S).
2J)Js 5

If C is parametrized as ucost + vsint (0 <t < 27), then

1
Area(S) = §fn><r~ds
c

2m
= 5/ n X (ucost + vsint) - (—usint + v cost)dt
0

1 2m
= 5/ n-(ucost + vsint) X (—usint + v cost)dt
0

1 27
= 7/ n-uxvdt
2 Jo

uxv
[luxv]]

so that, letting n = we get

1 27
Area(S) = 5/ Il x V|| dt = |[u x V]|
0
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