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& Show 4 : N + 2 <, 0 · (()
= n- 1

is injective & subjective

Proof : 1 . Injectivity

& (m) = 4(2) ; n, enc I

=> n
,
- 1 = n2 - 1

=> ni = 42

· y(m) = y(42) => M = nc

.. I is injective.

2 subjectivity
consider m 2x0 & n=m + 1

clearly n EIN.

& (n) = n
= 1 = (m+) - 1 = m

·. Vm 2 x0 , In I s . t

y(n) = m



.. G is subjective.

& Prove #xEQ e . t a= 2 .

Proof - Let x
=1 ; p,ge I,
g q7 0

s.t G(D(p ,q) = /

By defh , a== 2 +(= 2
-> pr= 2qz

Now , 21 RUS
=> 21 L4S + 2/p2

=> 21p
=> JKEX s. t p = 2k



substituting back, p2= 2qz
=> (2k)2= 292
= 2k2=92

Now , 21 LHS =+ 2/RMS - 21gz
=> 21q

· 21p & 21q

· 21G2D(p ,q)
-> 212

contain

: . & EQ s . t x= 2
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Peano Axioms

Notation - n++ denotes

successor of n.

LO is a natural no.

2 If n is a natural no, then

n++ is also a natural no.

2. O is NOT the successor of

any natural
no.

i . e f natural nos . n ,
n++ 0

1

. If n++= m++, then n = m

S

. Principle of Mathematical Induction

Let P(n) be any ppt. pertaining to
natural nos.

If PIO) is true & Pluse Plu++),

the P(n) is true f natural nos.



Motivation

3. disqualifies number systems
such as

0, 1 , 2, 3 , 0 , 1 , 2, 3,
0.

which loop back to 0.

4. disqualifies number systems
such as

0 , 1 , 2, 3, 4 ,
4 , 4 ..

which hit a
ceiling.

QR
0 , 1 , 2,

3
, 1, 1, 1.

which loop back to a

non-zero natural no.



5. disqualifies number systems
such as

0,
0. 5 , 1 , 1 . 5 , 2 , 2 . 5...

which have 'extra elements

i. e which cannot be produced

by axioms I-4

Assumption - F a number system
IN whose elements we shall

call natural nos, for which

Axioms 1-S are true



Recursive def
Let fu : -N be a fur s. t

ao = C for some
natural no. C

& an++:= fr(an)

Hence, we
can assign a unique

natural no an to every
natural

no

Proof - Let
pans be the proposition

that an
is unique.

22 - ap = C

None of the other defte

an++= fulan)
will redefine a

by Aniom 3.

So>
PCO) is tre



-Given an is unique ,

PT antt is unique .

an++= fu(an)

None of the other def's

am++= fulam)
will redefine

an++ by
Axiom 4.

So,
P(n) => P(n++

· P(O) is there & Plu) = Per+H)

By PMI , PENS is true natural
nos
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Add
~

10 +mi= m

& (n++ ) + m = (n+m) + +

For proving commutativity

n +m = m + n

we first need
to prove the

following 2 lemmas using ind"

↓ n+ 0 = n

2 n+ (m++) = (n+m) ++



&. If
a is positive & b is

a natural no. show
that

(a+b) is positive

If-fix a positive
no. a

Let P(b) be the ppt .

(a+ b) is positive

D)
- (a + 0) = a

which is

positive by def".

So
,
P(O) is true.

IH-Given (a+b)
is positive,

-

PT a+ (b++) is positive .

a + (b++) = (a+b) ++

By
Arione 2 , (atb)

++ is a natural
no

By Axiom
3
, (a+b) +

+7 0

So ,
P(b) + P(b++

: By PMI , P(D) is tree V natural
nos. I
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Multiplication

1 OXm
: = 0

2. (n++) x m : = (nXm) +m

To prove that multiplication
is

commutative, we first need to prove

the following 2 lemmas.

1mX0 = 0

2 nX(m+ + ) = (nxm) +m



& .
PT. mX0 = 0

Pf-Let Plm) be tre if MXo
= 0

.

OXO = 0 ( :: 0xm=0 by def")
-

: PCO) is true

E- Given mxo = 0 , PT (m++XO = 0

(m++) x0 = (mx0) + 0 (Defh)
=o +0 (given mxo = 0)

= O

: P(m) is turn
Is P(m++) is te

:. By PM1 , PCM) is true for all

natural nos . m.



& PTnx (m++) = (nxm) +m

If - fix
a natural no. m .

Let P(n) be tre if

n x (m++ ) = (nym)+w

BC - OX(m++) = 0 = (0xm) + 0

: PCO) is tre

IH-Given nX(m++) = (uXm) +n ,

PT (n++)X(m++)
= ((n++)xm) +(n ++)

(n++)x(m++)
= (nx(m++7) + (m++)

= (uXm) + n +(m++)

= (uxm) + ((n+m) ++ )

= (uxm) +((n++) +m)

= ((nxm) + m) + (n++3

= ((n++)Xm) + (n++)

: Plus is true => Plu++) is the

.. By PMI , P(L)
is true for all natural

nos . n



commutativity
(mxn) = (nXm)

If-fin a natural no . m.

Let plas be tre if

(mxn) = (nx m)

- mX0 = 0 = OXm

: PLOS is true

-Given mxn = nxm ,

PT mx (n++) = (n ++7xm

mX(n++) = (mxn)
+ m

= (nxm) + m

= (n ++) Xm

.

Pln) is turn is Plutt) is true&

↑

: By PMI, PCa) is true for
all natural nos . n.



& PT if n, m are positive,

then (nxm) is also positive

If-- : n , m
are positive

.. 7 natural nos . p, G s. t

n = (p ++ )

m = (g ++)

Now , n xm = (p++) x(g++)

= (pX(q ++)) + (g +
+)

= (px(g++ 1 + g) ++

= 0 (By Ariom3)

· (nXm) is positive



Associativity
(axb)xz = aX(bxc)

Fix natural nos . a & C
of-

Let P(b) be tre if

(axb)xc = aX(bXc)

RC - (axo(xc = 0 = aX(oxC)

: plos is tree .

-Given (axb)xc = ax(bX) ,

PT(aX(b ++))x) = ax((b++ )x()

(ax(b++))xc = ((axb) +a)xC

= (axb)Xc + ac

= ax(bxc) + ac

= aX((bxc) +2)
= aX((b++) X()

: P(b) is true => P(b++) is tre

:. By PMI/ PlbS is true for all natural nos.b



Euclidean Algorithm
Let m be a natural no . I

of be a positive no

Then7 natural nos . M , r

s . t 0x1g & n = my +r

If - fix a natural no . q.

Let Pla) be the if 7

natural nos . M , 2 S . t

0 ? 119 & n = my +r

2)
- 0 = 0xg + 0 = m= 0 & 1= 0

.. PLoS is tree

I-Given 7 natural
nos . M , r

1 . t 0x14g & n = my +r

PT J natural nos . mi " s . t

01 < q & (n++) = mig+ ri



Now, (n
++) = n+1 = mq + (1+1)

2 - If 0x1(g
-1) => (1+1))g

: . m = m
& c) =(1+1) = (1++)

CI - If
1 = (g-1) = (1

+1) =g

=> (n++) = my+g = (m
+1)g

-
· m = m+ 1 = m++ 1)= 0

↑ P(n) is true
-> Plu+H is tree

-

↑

. By PMI , Pln)
is the for

all natural nos . n.

NOTE - For given n & g , m
& r

are unique.



#f -Let 7 natural nos .
m,mc , e , 12 ;

1t 01, , 12 (g , m,
+ m2 & 1+1 -

n = m,g + 1,
= m2g+12

By trichotomy of
order on natural nos.

m, > m2
on my me.

WLOG , let
m, <mc
-7 natural no. M

s. t mi = M
+Mz

-> m, g + 1)
= mag +12

-> mag + (Mq+1)
= mig + 12

- My +11 = 12

which is a coutdh : 021q

while MqMg+1, < (M+1)g

Hence mi = Me

=> 1 = 12
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If A is a set, then A is also an object. In 
particular, given two sets A and B, it is 
meaningful to ask whether A is also an 
element of B.

There exists a set ∅, known as the empty set,
which contains no elements, i.e., for every object x 
we have x  ̸∈ ∅.

If a is an object, then there exists a set {a} whose only 
element is a, i.e., for every object y, we have y∈{a} iff y=a; 
we refer to {a} as the singleton set whose element is a.

Furthermore, if a and b are objects, then there exists a set 
{a, b} whose only elements are a and b; i.e., for every object 
y, we have y ∈ {a, b} if and only if y = a or y = b; we refer to 
this set as the pair set formed by a and b.

Set

Axioms

I Sets are objects

2. Empty Set (0)

2 singleton sets & pair
sets



Given any two sets A, B, there exists a set A ∪ B, called 
the union A ∪ B of A and B, whose elements consists of 
all the elements which belong to A or B or both. In other 
words, for any object x,

Let A be a set, and for each x ∈ A, let P(x) be a 
property pertaining to x (i.e., P(x) is either a true 
statement or a false statement). Then there exists a 
set, called {x ∈ A : P(x) is true} (or simply {x ∈ A : P(x)} 
for short), whose elements are precisely the elements 
x in A for which P(x) is true. In other words, for any 
object y,

Let A be a set. For any object x ∈ A, and any object y, 
suppose we have a statement P(x,y) pertaining to x and 
y, such that for each x ∈ A there is at most one y for 
which P(x,y) is true. Then there exists a set {y : P (x, y) is 
true for some x ∈ A}, such that for any object z,

↳. Pairwise Union

x AUB E (xA or x(B)

I

. Axiom of specification

ye(x + A : P(x)3E) (yea & Plys)

E
.
Ariom of Replacement

ze(P(x(y) is tre for someEA)
E P(x(Z) is tre for someEA



There exists a set N, whose elements are called 
natural numbers, as well as an object 0 in N, and an 
object n++ assigned to every natural number n ∈ N, 
such that the Peano axioms (Axioms 2.1 - 2.5) hold.

E. Axiom of Infinity

Q .

PT (AUBJUC = AUCBUC)

If - Let
of be a set

e .t A ,B,3

consider x e (AUB)UC

-> xE(AUB) or neC

2 - ut) + mt (BVC)

-> ne AU (BUC)

22-uE(AUB) #neA
or UEB

(2) - xEB + ne
(BUC)

-

+ xt AU(BUC)

C . 2 .2 - xA -xEAU(BUC)
-

: CAUBJUC [ AUCDUC)



By similar logic , we can show

that AUCDUC) <(AUDJUC

· CAUBJUC [ AUCDUCS &

AUCBUC) [(AUDJUC

: CAUBJUC = AUCBUC)

Proposition
- Setsore partially ordered

by set inclusion

i .2
↓ AEB & BEC A AEC

2. AEB & BEA - A= B

3

. AEB & BEC & ASC



Let A, B, C be sets, and let X be a set containing A, B, C as 
subsets.
(a) (Minimal element) We have A∪∅=A and A∩∅=∅.
(b) (Maximal element) We have A ∪ X = X and A ∩ X = A.
(c) (Identity) We have A∩A=A and A∪A=A.
(d) (Commutativity) We have A∪B=B∪A and A∩B=B∩A.
(e) (Associativity) We have (A∪B)∪C = A∪(B∪C) and 
     (A∩B)∩C = A ∩ (B ∩ C).
(f) (Distributivity) We have A∩(B∪C) = (A∩B)∪(A∩C) and 
     A ∪ (B ∩ C) = (A ∪ B) ∩ (A ∪ C).
(g) (Partition) We have A ∪ (X\A) = X and A ∩ (X\A) = ∅.
(h) (De Morgan laws) We have X\(A ∪ B) = (X\A) ∩ (X\B) and
      X\(A ∩ B) = (X\A) ∪ (X\B).

Proposition - Sets form a boolean

algebra

If- b)
AlX = A

Consider xEA1X

- XA and neX

-xEA

... AnXCA

Consider xEA .

Since , ACX - (MEA + neX)



- uEX

- NEA and nEX

- xA1X

.. ACAnX

.

. A = A1X

f) AUCB1C)
= (AUD) - (AUC)

Consider x AU(B12)

- xAxc (B1))

C - xEA

=> nEAUD ,
ne AUC

=>a (AUBS1 (AUC)

(I-x E (B1C)
-XEB and UEC

=> nElAUB) -xE (AUC)

=> xE (AUB) 1 (AUC)

: AUCB1C) [CAUBS1(AUC)



Consider ne (AUBS1(AUC)

-> xEAUB and nEAUC

22
- uCA and REA + REAU(D12)

C-rCA and xe) +
xEAU(D12)

III-UCB and xEA + REAU(D12

-xCB and xe( + xE(D1C)

=> x AU(B1C)

: (ArBS1(AUC) [AUCBRC)

: AUCBRC) = CAUBS1(AUC)



g) Au(X(A) = X

consider xAU(X(A)

- xA orxE(X(A)

22 -
nEA

But A(X = (n@A + neX)

- xEX

21-xe(X(A) + xEX and xA

- xEX

: AU(X(A)EX

Consider xEX

2 - neA + xCAU(X(A)

CI - u(A +
xE(X(A)

- xcAU(X(A)

.
. X [AU(X(A)

. AU(X(A) = X



g)An(X(A) = 0

Consider xAl(X(A)

-XEA and xE(X(A)

->xEX and xA

=> NEA andNEX and xA
M 3

conta

. . x Al(X)A)

.

. An(X(A) = 0

h) X /AUBS = (X (A) n(X(B)

Consider xeX//AUB)

->xEX and x(AUB)
-xA and d B

- ut(X(A) = xE(X(B)
=>xt(X(A)1(X(B)



:
.
X KAUB)[(X(A) 1(X(B)

Consider xE(X(A) 1(X(B)

=> ne(X(A) and xe(X(B)

- xEX and xA

and xEX and nB

-nEX and n (AUD) (andMAB)
=> xeX)(AUB)

: (x (A) n(X(B) & XIAUBS

:
.
X (AUB) = (X (A) 1(X(B)



f : X → Y defined by P on the domain X and range Y to be the 
object which, given any input x ∈ X, assigns an output 
f(x) ∈ Y , defined to be the unique object f(x) for which P(x,f(x)) 
is true. 
Thus, for any x ∈ X and y ∈ Y ,

Functions

Cartesian Product

Let A, B be 2 sets.

Then the Cartesian product AXB

is a set defined as

AXB = ((x ,y) : xcA , y(B]

NOTE - In general (x ,y) + (y ,x)

Function

y
= f(x) E> Pla/ y) is true



Graph
Given any far ,

we can draw

its graph T
+
C(XXY) as

if = ((x , y)t(XXy)(y
= f(x))

= ((n) +(x))]

NOTE-1 If
< (xxy) * X

(x, + (x)) H (x , f(x)) + 2

Then fun Pxi : if + X is bijective

If - Injectivity
Consider x ,, 42 EX 1.t x ,

= x2

=> Phili ,>fixi))
= Pxi((22) +(x2)))

=> (x , : f(x, 1) = (22 , f(x2))

·

. x1 = x2 = (x , ) f(x, 1) = (22 / f(42))

.. Pai is injective



Subjectivity
Let xEX .

consider a = (x) +(n))e(X XY)

Pxi(a) = Pxi((x , f(x))) = x

· vx(X , Jat(Xxy) e.t . Pxi(a) = x
↑

: Phi is surjective

: Phi is bijective .

22 fars with the same domain

and lange fig : X-Y
are equal

iff f(x) =g(x)vxeX



composition -

X - y2z

got : X-+ 2 is the fun

given by

(gof) (k) = g( + (x))

NOTE - Composition is Associative

X y zw

Chog)of = ho(got]
= h(g( +(x)))

Inverse - If : X-Y
is bijective,

7g : y
+Xs. t

g(y) = x

NOTE-gof = Idx tog = Idy

where Idy is the identity fri

x 1x on domain D.



&Suppose +: X
+ Y is only

subjective .

Define g : y
+ X e . t gly) = x

taking any i
that maps to y.

I got = Idx or tog = Idy ?

If- 1 got FIdx

eq
- +: 40 , 13 + 413

x + 1

g
: <13 + 10 , 13

Let g(l) = 1

conside got (0) = g(f(0))
= g(l)

= 1 + 0



2 tog = I dy

consider fix -y
& g

: y- X

Define gly) = No

We can do so
since I suchEX

by subjectivity of f.

=> f(mo) = y

consider togly) = + (g(y))
= f (20)

= y

: fogly) = y v ye Y

fog = Idy
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Support of Fur

For sets X & Y , we can define

y
X to be the set of all maps

f : x + Y

consider y = 10 , 13

Then
,

40, 13" is the set of

all maps +: X+ 10, 13

given such a map , we can

define a subset of X as

Sti= (x(X( +(x) = 13
L

support of f



Power Set

Let Y be a set.

Its power Set P(Y) is defined
to be the set of all subsets of Y.

g
- y = (a, b)

-> P(y) = 20, Las , <33, 291 33]

Thur

There is a natural bijection

0 : 40, 13" - P(X)

f + St



If - Injectivity
Given an f : X + 60 , 13 ,

consider an g : x
- 20, 131 . t

Sg = St

-> g(x) = 2! usmise

·: St = (u(X) +(x) = 1)

=> g = f (valuo
: Sy = Sg + g = f

(i.c. St completely determines +

.. C is injective.



Subjectivity
Let TCX (or equiv . TEP(X)

consider X+: X + 10, 13 e .t

W

Characteristic
fun of 7

X
+
(x) =46ais

Sxy
= (x = X(Xy(x)

= 1)

= (x = X(x =T)

:. Sxy = T => q(Xy) = T

·

. VTE P(X) , 7Xy - 60, 1)
*
e. t

q(X+) = T

. I is surjective

: O is bijective



Rel" on a set X

Subset of XXX

RC XXX

· Equivalence Reen

RC XXX 1 . t it is

- Reflexive Xx ) (x ,x)ER

- Symmetric (ny)ER => (y]ER

- Transitive
(x,y)ER and (y , z) ER

=> (2>z)ER

ef
- net RCRX2

Ra = ((a,b) : d(a- b , d(2x)

R - Su - => Rd is

equir.rel"on I



NOTE - (Informal)
We can denote a

rel R in

the following manner.

9f(x,y)(R = x - y

&

So,

if

~
isa wh on X ,

~ is eg .
Wh if itsatisfies

R - Fx, xnx

S-awy - yox

I-rvy and yez - Mwz



· Equivalence class

For an equivalence rel"
R on X

,

we can define subsets of X.

called equivalence classes as follows.

Given EX , EC(u) <X e .t

EC(x) = (yEX : (a) y)ER3

NOTE - All the eg . classes of X

are mutually exclusivea

collectively exhaustive

i . 2 Equivalence class

M

X = 1 Xi (1-disjointse
iCI
L index set



& .

Let XCI2

in n, yeX , we say
.0 Do

X

xvy if we can join
x & y by a cont . path.

Is~an eg .
ree" ?

A R ~ S-T- = Eg. rel

This eg .
ren has exactly

2 eg . classes (namely , the 2 discs)

EC(P) = DISC L

EC(g) = Disc 2



&. Let ~ be an eg. rel on X.

For x, y EX , PT

↓ (((x)1 EC(y) = 0 Of (((x) = Ex(y)

2. EC(u) = E2(y) E> a - y

E
.

Consider zEC(u)1EC(y)
=> X-z and yuz

To show EC(u) = EC(y) ·

we first show E((u) <EC(y)

1 E((u)[EC(y)

Consider tEEC(u) => x-t

- tx(S)

twa and nwz - twE (T)

t-z and Ery - try (T)
(S) - y

- t (S)



- t EE((y)
· +EC(u) + te Ez(y)

. EC(x) [ E2(y)

similarly , we can show that

EC(y) [EC(x)

:
. (2(n) = EC(y)

=
2) EC(u) = EC(y) = n - y

E((n) = EC(y)
=> Jzc(((x)1EC(y)
-n- z and y -z

= x
- z and z -y (S)

= xv y (7)



2) n -y => (((x) = E2(y)

Let ze EC(H)

= x
- z

- z -x(S)

zwx and a vy

- z -y (T)

- y v z (S)

-> zcE((y) (S)

: EC (2) [ECCyS

similarly , we can prove that

EC(y)[EC(x)

. EC(y) = EC(x)
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Integers
Consider pairs of natural nos .

written

as

X = (a--b/a, be N)

Define~ on X as

(a - - b) - (c- - d)

if a + d = b +c

Clearly , ~ is an eq .
u

Consider the eg .

class of an

element (a-- b) EX

EC(a- - b) = (( - - d)((a- - b) - (- - d))



we can pictorially represent
NNX IN as a square lattice

Over this lattice
,
all the

equivalence classes of X can

be represented by straight lines.

%o,2) (12) (2 ,2) 13,2)

⑧

90,1) (1 , 1) (201)
:

3, 1)

·

&

10 ,0) %) ;2,0) (3,03

We consider each of these eg . classes

as an INTEGER .



Given the set X and an eg . ed"

~ on X
,
let us define X/-

to be the set of eg .
classes of X.

For any
neX ,

EC(x) <X

=> EC(a) E P(X)

=> X/ P(X)

consider the map

i : X -> XI
2 - EC(x)

So, iT(x)
:= EC(2)



Claim - It is surjective

#- Given a TEX/, we

need to find an x , s.t

EC(u) = T

But , by def" of XI , each of
its elements is an eq . class of X .

so
, 7 y =X e .t T = f ((y)

Choose x =

y



& PT 5 only one eg .
ell-s . t

# : X-X/ is injective
and that~ is the identity el"

If-consider an eg .
re ~ on X

s. t I : X- X/ is injective .

x + EC(x)

Let (a- - b) , (a)-- b) EX be s.t

(a- - b) - (a)- - b) & (a- - b) = (a- - b)

- EC(a- - b) = EC(a) - - b')

-> N(a-- b) = π(a -- b)

But , this is a coute" since It

is injective

·. (a-- b) , (a)- - b) EXs .t

(a- - b) - (a)- - b) & (a- - b) = (a- - b)



: If (a--b) - x
,
then n= a-- b

REMARK - Till now
,
we have only

shown what~ cannot be.

This is because we haven't stated

for which all (a--b)eX does

(a-- b) - (a-- b) hold yet .

↑

↑

↑

~ is an equivalence rel".

: (a- - b) - (a--b)v(a - - b) EX

- - is the identity rel"

REMARK - Showing that ~ is

the identity ri also proves
it

uniqueness.



Add" of Integer

Let X = INXIN and w be an

eg . see" on X.

We define addhas

P : XeXX/n
+ Xu

s . t for x ,beX,- ,
c = π(a - - b)

p = π(c - - d)

P(a,b) = π((a+c) - - (b +d))



Caveat : Is P well defined ?

Notice that our def" of P

uses representatives of 6 & B

(i .e a -- b and c--d respectively)

We want the sum of 2 integer
&, B to be independent of the

choice of representatives ,
since

both a & B correspond to more

than one representative.

·

.

.

(a- - b) -(a)- - b)) = x = π(a-- b)
= π(a'- - b')

In such a case, we call P

to be well defined.



Claim - P is well defined

If - Consider

C = π(a- -b) = π(a)- -b)

B = π(c- - d) = D(c)- -d')

we need to show that

#((a+c) - - (b +d)) = π((a+c) - - (b)+d's)

We know that

(a - - b) - (a)- -b))d( - -d) - (c)- - d')

=> a + b) = b +a => c+d) = d +c

= (a+b)) +(+d)) = (b+a) + (d+c)

=> (a+c) + (b+d) = (b +d) + (a)+()

=> (a+c) - - (b +d) -(a+c) - - (b)+d')

=> M((a+c) - - (b +d)) = π((a+ c) - - (b)+d's)



Multiplication of Integees
Let X = INXIN and w be an

eg . see" on X.

We define multiplication as

M : XeXX/n
+ Xu

s . t for x ,beX,- ,
c = π(a - - b)

p = π(c - - d)

M((,b) = π((ac+ba) - - (bc+ad))



Claim - M is well defined

If - Consider

C = π(a- -b) = π(a)- -b)

B = π(c- - d) = D(c)- -d')

we need to show that

# ((ac +bd) - - (bz+ ad))
= T((a(2) + b'd') - - (b'c+ ald())

We know that

(a - - b) - (a)- -b))d( - -d) - (c)- - d')

=> a + b) = b +a => c+d) = d +c

Now , (ac + bd + b'c + ad') +b

= (a+bi)c + bd + b'c + ad

= (a+b)c + bd + b'c + ad

= bc+ bd + bic + a(d+c)



= bc+ bd + bic + a(d +c)

= bc+(b+a)d + bic + ac

= bc+(b+ a)d + bic + ac

= bc+ ad + b(d+c) + ac

= bc+ ad + b'(d+c) + ac

= (bc+ ad + ac + b'd') + bic

=> (ac + bd + b'c + ad') +b

= (bc+ ad + ac + b'd') + bic

=> ac + bd + b'c + ad) = bc+ ad + ac + b'd

=> (ac +bd) - - (bz+ ad))
~ (a'2 + b'd') - - (b'c+ ald))

=> π((ac +bd) - - (bz+ ad))
= T((a(2) + b'd') - - (b'c+ ald())



Negation of Integer
Let X = INXIN and w be an

eg . see" on X.

We define negation as

N : Xin -> Xu

s . t for xX,- , c = π(a - - b)

N(x) = π(b - - a)

NOTE - We denote negation of
x by (- x) .



Claim - N is well defined

If - Consider

C = π(a- -b) = π(a)- -b)

we need to show that

#(b - -a) = π(b- - a)

We know that

(a - - b) - (a)- - b)

=> a + b) = b +a

= b + a) = a+ b

=> (b - -a) -(b) - - al)

=> π(b - -a) = π(b- - a)



Proposition - Let x, y, z be integers
Then x+ y = y +x

(x + y) + z = x + (y + z)

x + 0 = 0 + x = x

x+ (-x) = (-x) + x = 0

xy
= yx

x1 = 1x = x

x(y +z) = xy + xz

NOTE- : We have proved that

addh
, multiplication and negation

are well defined , we don't need

to prove these statements for

multiple representatives.

If a statement holds for one

representative , it holds for all the

representatives .



Subh of Integers

subtracting by an integer is the

same as adding its negation.

x -

y = x + (- y)
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NOTE - From now on, we will

use the noth (2) torefer
to iT(2) or EC(2) ·

There is a natural injective map
from naturals to the integers.
N

n + (n - -0)

(C : denotes map is injective)

If - Consider (m--0) , (n-- 0) El

s . t

(m - - 0) = (n- - 0]

=> (m - -0)w(n - - 0)

=> m+0 = n + 0

= m = n



Proposition - Let x, y
be integers

1. t xy
= 0.

Then x = 0 or y = 0

If - net n = (a - - b) , y = (c-- d]

a b and CFd

xy
= (a - - b)(c-- d]

= ((ac+bd) - - (bc+ad)) = (0 - - 0)

=> ac+ bd = bc + ad

wLoG ,
let a s b & >d

-> Jh, k > 0 s . t

a = b +h & c = d+k

=> (b+h)(d +k) + bd = b(d+k) + (b+h)d

-> hk = 0 = h = 0 ork= 0

11

could"

similarly , we can prove for other cases



corollary - (cancellation Law

Let x/ y , I
be integers s .

t zF0.

Then xZ = yz - x=

y

Af
- xz-

yz
= (x -y)z

= 0

=O

= x-

y
= 0 (By pe . pph)

- x = y



Rationals

Consider the set X =* XZ10).

We define an eg.lev ~ on X 1 .E

for (a /1b) , (211d) EX

(a)(b) ~ (2 /(d) E> ad = bC

If - 1 - ab = ba = (allb) - (a((b)

2- ad = bc = ch = da

So, (a, b)
- (( > d) + (c,d) (a,b)

= ad = bc & cy = du

=> ady = buy = bcy = bdx

-> ady = bdx

- ay
= bu (: d+ 0)

So
, (asb) - (C/d) & (xd)

- (a,y)
=> (a,b) - (x, y)

Hence ,~ is an eq . relh



Q : = X/v

Add"

(allb] + (c)(d) = = ((ad+bc)/(bd)

Checking if add is well defined

Consider (a/1B) = (a//b] => ab =Ba

(v /1S) = (2/1d] + -d =S

We need to show that

((cS+BU)//PS] = ((ad+bc) / (bd]

Now, (a8+r) (bd) = absd + ud/b
L L

Ba SC

= ps(ad + bc)

=> (cS+U)//PS-(ad+bc)/lbd

=> ((cS+BU)//PS] = ((ad+bc) / (bd]



Multip
(allb) x(21(d) := (ac(/bd)

checking if multiph is well-defined

Consider (a/1B) = (a /(b) = ab =pa

(v /1S) = (2/1d] + vd =S

We need to show that

(aullBS) = (ac//bd]

dubd = (ab)(d) = BSac

↳a s

=> (aU//BS) - (ac// b d)

=> (aUlIBS) = (ac// bd]



Negh
- Callb) := ((-a) // b]

Sub"
x - y

: = x + ( y)

There is a natural injective map
from integers to rationals

24Q

n + (u//1)

PE - Consider (n//1) , (m/11] E Q

s. t

(n//1) = (m//1]

-> (n/11) - (m// 13

- n . 1 = 1. m

- n = m



Inverse

For (a/1b] Q1203

(a/(b]" = (b11a]

NOTE - Of Callb) to - a+ 0

If
- a= 0 + a. 1 = b . 0

-> (a11b) - 10111)

-> (allb) = Col/1] = 0

(Proof of contrapositive



Proposition - Let x, y, z be nationals

Then x+ y = y +x

(x + y) + z = x + (y + z)

x + 0 = 0 + x = x

x+ (-x) = (-x) + x = 0

xy
= yx

x1 = 1x = x

x(y +z) =

xy + xz

xx- x -x = 1

NOTE - Any set R having operations
+: RXR -> R &.: RXR - R

which obeys the laws of algebra

for & Q forms a commutative sing
& a field respectively.



Positive national

* rational of is positive if
7 positive a, b s . E

q = (a((b)

Lemma-If o is positive ,
then

↑ c,
d e . t Cd>0 and q = (c1/d]

If- : of
is positive

J a, b positive e. t g = (allb)

- (allb) = (C)(d]

=> (allb) - (21(d)

=> ad = ba

whos,
let CO & d > 0.

-> LUSCO and RUSCO - Conte



Reals

· Absolute value-

11 : Q - Q

x > x)0

(x) = & 0 ,
n = 0

- x , x(0

· Dist blu nationals

d(x ,y) == (x - y) ; x, yQ
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Let us assume all pets on the

·line' our rational nos.

Pph-Let eC O be a rational.

Then, J neQ
s .t

n2((x + 232

If - Assume if
x22 for some

&

national 2, ther (x +Es< 2

V sational E > 0.

Now, OEQ & 022 = (0+e)< 2
= 2

Also, =Q & 2 + (t +e) 2
=> (2) 2

· We should have considered (x+E)12 ,
but we can safely reject (n+e)= 2
since we have proved earlier that I
is inational.



By ind", we can show InE5>2 .

Couldn'

REMARK - In Tao's Analysis I,
the following lemma has been

proved

98 a,BER , o , 7 nezy1 e . t naB

The statement (ne)(2 contradicts

this lemma for a = c
= & p = 2



· Sequences - A seg of rational nor.
*

is a subset of Q
n= 1

· Cauchy sea . - A sea . (an (n, of
rationals is said to be Cauchy if
↓ national ECO , JNEIN s. t

V m , n > N , lam-ankE

We will now define an eq .
ult

on the set of Cauchy sea of
nationals.



Let (an) , (bm)
be 2 cauchy sea.

W

of nationals and w be an equel

on the set of cauchy seg of
nationals e . [

(an) - (bu)

#

* national E30 , 7 NE I>,1
1. t

↓ n > N , lan-bule

If - 1
- lan-anl = 0 < E

2 - Ibn-anl = lan- bul < 0

I - Given lan-buke F n> N,
1bn-cn/ <Ev n > N2

Let N = man (N, > N2).

v nYN ,

1 an-Inl = 1 (an- bus+ (bn-cu)l

↓ Ian-bul + 1bn-cn) < E

LeLE/2
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Real nos . are eg . classes of cauchy
sea of rationals.

Bounded seg- Ian) is bounded
,

if 7 integer M s . E

lau1 > M One< 1

L: Every Cauchy seg is bounded

If-Given a cauchy seg (an),

VE > O , JNEIN s. t Vm, m > N

lam-anKE

so, forE
= 1 & n = N , we have

lam-an /

=> an-1 < am < an + 1

Let

M = man(la , I , 1921, ... 1an-il , 19N-11 , lan + 113



-> lam/M U mel,
,1

Add

Given cauchy sea . (an) & (bn)

(an) + (bn) : = (an + bu)

C : (antbu) is cauchy

If- :· (an) and (bn) are Cauchy
.. VE>O , J N , and N2 s.t

Vm , n > N, lam-anl < E/2

* m, n > N2 ,
1bm- bul < 8/2

Consider N = max[N,, N2]

So , v m, n > N

1 (am+ bm) - lau+ bn)1 = 11am-an) + (bm-bu) /

-> lam-an! + 16 mb. I< E/2



E: Add* is well-defined .

If - Consider (An)-(an) & (Bn)-(bu)

We need to prove that

(An+ Bn) ~ (an+ bu)

So
,
VE > O , 7 N , and N2 s.t

* n > N,, 1 An-ank@l2

* n > N2
, IBn-bul < @l2

Consider N = max[N,, N2]

So
, vn > N

1 (An + Bn) - lau+ bu)1 = 1(An-an) + (Bn-bu) /

- 1An-anl+Bu-bueCE/2



Multin

Given cauchy sea . (an) & (bn)

(an) X (bn) : = (anbu)

C : (anbul is cauchy

If- :· (an) and (bn) are Cauchy

: 1. J a, b e . t lan1a , 1bu1 > b

-ne2y1

2. VE > O , J N , and N2 s.t

* m, n > N , , Iam - anle/2b

* m, n > N2 , 1bm- bul < 2/2a

Consider N = max[N,, N2]

So , v m, n > N

lambm-anbul = lambm-anbar
+ anbm-anbnl



&
& Ibm11am-anl + 19m//bm-bul

- b lam-anl + a lbm-but
111 I

CE/2b < /2a

LE

C : Multim is well-defined .

If - Consider (An)-(an) & (Bn)-(bu)

We need to prove that

(AnBn) ~ lanbu)

: (An) and (Bn) are Cauchy
:. J A

,
B e . t /AnIA , IBul - B

-ne2y1

2. VE > O , J N , and N2 s.t

* m, n > N , , Iam - anle/2b

* m, n > N2 , 1bm- bul < 2/2a



· (An) ~(an) & (Bn)-(bu)

: VEXO , J N , and N2 s.t

↓ n > N,, 1 An-anIC/2B

* n > N2
, IBn-bul < /ZA

Consider N = max[N,, N2]

So , v n > N

1 AnBn-anbul = lAnBn-Anbu
+ Anbu-anbnl

& IBullAn-anl + 1Anl/Bu-bul

-> B1An-anl + alBn-bul
111 I

LE/2B < EILA

LE



There is a natural injective map
from rationals to the rals.

Q L M

g + (9 ,9 , q
... )

# - Let a,beQ , a+ b

· Both (an) & (bn) are const - seg .

lan-bul = (a - b)

Consider E = (a
- bl

2

=> lan-bul > E

· J > 0 e . t Un EIN ,

lan- bn1 > E

· (an) + (bu)



Inverse

Given ER , n +0
, we would like

to define its inverses
- I
as follows

x = (x ,, x2 , ... )

x = (x,, xz , ... )

But
,
one of thes; might be 0.

So, first , we need to modify

finitely many terms of the seq

st this does NOT occur .

1: Let xEIR,
n+ 0

.

Supposea= (x, ,%2) ·) ·

Then JCEQ & NEI 1 . t UnYN

(2n1C



If - Suppose I such c.

: (h) is cauchy
· VE > O , J NEIN s. t Um,nY N

1xm- un/ < E/2

Consider E=2

: The hypothesis does IOI hold

7 no >N e .t

InokC + Inok /2

So, v n > N ,

Kul = In-ano + Knol

->18n-uno ! +1I

< E/2

LE

=> In-OKE => (un) ~ (On)



+ x = 0

1

conta

As stated previously , we will

modify the first (no-1) terms

of the seq

x) = (1 , 1 , . . . , 1 , Mocknot) ... )

· (mm) ~ (in)

.

. x = x)

Hence, we
can now definea as

x1 (1) 1 , .
. . , 1 , und, a ... )



& het n = (au) be Cauchy.
Let NEX

-1
and

x) = (b,, bz ...., Pn-1, ans an .... )

bi Q

show that x' is Cauchy
& x - x

# I Letsin be the nth term

of the seg corresponding to n

: (an) is Cauchy
: VEc0, 7 Not21 S. t Umsn > No

lam-an/E

·

: V n > N
,
un = an

· Um>n > marEN , Nob , Him-sinkE

Hence , a is cauchy.



2
. Let sin be the nth term

of the seg corresponding to n
·

: V n > N
,
un = an

· VE > O, n < N

(in-anl = 0 < E

Hence, x'-x
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so, EXEM , we can represent
it by a seg . 19,, 921 ... ) s.t

a i + 0 .

=xl = (ai' , az.... )

2 : x is Cauchy

P- I am'- an = lan-am

lam/lan/

· J c & N
,
1. t Un > N

,

lank, c + lanl
lan-am < lan-am
-

lam/lan/ 22

-

↑
x is cauchy
: Ve > 0, JN2 s. t V m

,
n> N2

lam-ankcE



.. V m,n > maxEN ,, N2]

I am'-an"1 < lan-and
22

=

C : Inverse is well-defined

If
- Consider (an)-(bn)

We need to prove that

can's -(bu's

lan-bu 1 = Ibn-and

lan11bm

· J Cd & N ,, N2 s. t

un > N
, lank, C &

un > N
,, 1bnkd

=> lanl & In



=> Ibn-anl < Ibn-and

lan11bm cd

· (an) -(bn)

.. Ve > 0, JNs s. t V nY N3

Ibu-anl cle

. v m> maxEN,N2 ,Ng]

I am-bul < Ibn-and

cd

=



ordering
* real no . is the (-ve) if
it is+ velyl-vely) bounded

away from 0.

i
. e J CEQo & NEI s . t

Vn > N an C

(ank - c)



























+ 1

-



xEX (not A)

↑

C




