
Group theory



Ther 1
. 4 . 7

(1) To say ap = RC ,
it suffice

to show that VaEX,

ap(a) = Bo(a)

X = (a,, 92, . . ., anH(b , bz . . . . , bs]
I /the rest ]

4-at(a, ..., and say ai

&(ai) = ai+ 1

Raia &Blai) = ai aga,(a)

Similarly, it can be shown for
achb , ..., be 3 & at the et]



(2) X = (a)) ..., and 1 Xa - -,as

I-atla, ..., all say ai

H a(ai) = di+ 1 , kich

(9,92) ... (an)an)(ai) = Git

12
a = ar

a(a) = a,

(alaz) .
- · (an - , ar) = a

-aeXIIa, ..., all

x(a) = a

(a,az) ... (ausmn)(a) = a



(3) X =

Hard He
3. I

3 .
1 a = ai (say) (K (21)

(a, ... ar) (as ... a , )(ai) = (a , ... ar)(a=+1)

= ai = Idx(9i)

If a = ai,

(a, ... ar) (as ... a , )(a , ) = (a , ... ar)(an)
= a = Idx(9 ,)

32 (a ,
... an)(a .. -a , )(a) = a = 9dy(a)



↓ Not every
elem of G has

finite
g

- (2 , + , 0)

2 gm = e = gl = e , ke2

↳ (gmyk =
en

I 0(g) =1 g
= e

-

order of g

PI 19 ,, 92.--yan) has order 1.

If- u = (a) , . ., an)

we need to show

I or = e

2.
ocic , offe



ppm : vi(ai) = Gjfi,

Fi = remainder of itj
divided by e in

[1 , .
.

., 13

If - RD:(j)1 :

=

&jit

By PMI, wi(j) = Gift

1 So , for i = 1 , orj) = GeF

e
=Gvj

2 If oice ,
ri) = XiF # G

1(i+ <r+ 1

=> (i+12h



1. 5 . 2

O show that the transpositions
(ijj) E Su generate Sn (i+ j)

If
V oeSn ,

7 0, ... Op E Su

S . t

o = 0 . - up et one are

disjoint cycles
Let = (i) Giz - --

, diji)

so
, o = ( . . --

, digi) ...
- (xpi , apz - --

,apjp)

By thm
,

V O,

r = (i) &(2) (Kizis] . . . (t) Tiji)

·

. o = (4 , 142) ---Kibigi) (4211G2) ...

(pp+ 13)
<pip)

Hence
,
(i , j)eSn generate In



② show (12) , (13) , ..., /In) generate Su

If-Suppose ,
we can show that each

transposition (i < j) can be generated

by elements of the set

( (12) , (13) , ... , (In)3 ·

Since (ij) can generate Su
, therefore

(((2) , (13) , ... , (In)] can generate Su.

(ij) = 11j)()i)(18) , 16Ligh

if athisis is - CHS = RAS

-x =1

a =(1)ijj) x =i

-> a =j



(2) Show that y= (112) , (23) . -- 3

generates Su

If - We will show y generates (1 k)

10
: (12)

&: (1(-1)(k- (k) (((- 1) = (1k)
V k > 2

By PMI
,
(K-1 , K) generates (1 k)

(3) Show that (1 , 2,
.

. .

, n) & (12)

generate Su

If Let (12, ... , n) & (12) generate
(k- k) (n- 1)

(1> 2 , ...,n)
#C :

-
-

It : (k) z, .
. . ( n)(k-1k](D2 . . . (n) (kk + 1)

By PMI
, (1 , 2, ...,n) & (12) generate (k-1 , 4)



Ex 1
.
S.

p
= 19 , ..., am) , ve Su

PT UBU" = Class , ... , plan)

If-plai) =

ain,
is 1

B(x) = x if x +aivix

We need to show

UBp"(r(ai)) = U (ain)

VPO"(x) =

xif x + p(ai)

for any ise

↓ (VBp) (01)) = UB)(ai) = up(ai)
2

=y(ai+1)

&

If + plai) for any
ins

=> y
+
(x) + j

+
v(ai) = ai (

·

Visanson)

090" (x) = Xp(52)) = 55'(m) = x



Remark Let By ,
Kee be cycles

-

not necessarily disjoint.

consider p = BiBz - --Be
j (

(b , 1 , biz - bini) (beisber ,
...

, bene)

VBy
1

= 8 P ,B ... Per t
= UBr

+
yB2 ... -BOT

= (rBit) (UB2UTS ... (OPert)
j &

(r(bi) , y(b12)- --

(Ulbini)) (U(bel) , ... < Ulbene)



Ca2 : subGps

hemma - Let H24 be a non-empty
-

subset satisfying
↓
Valbers a beH

2 an => a+ +

Then I is a

group.

If ↳ H is a non-empty set

JaEH .

=> a-EH

- aa+ H

> ecH

2
.

m : gx9 + 9

m
4

: MXH + 9

·: Valbet , a bet

: img(mu) H

So , MXH + H

(a , b)- a . b



Associativity follows from deft of (G, :, e)

1
. Mulase) = m(a, e) = a

= m(e,a) = mulc,a)

2 aH - EN

so, m(a , a
+

) = e = m(a+,a)

=> mulaja+) = e = mu(a-,a)

-> at is inverse of in H.

Hence, (H , mye) is a group.



eg-1 . (e) & G are
trivial subgroups

of 9

G EQCRCK subgroups

2. 2 * CX is a subgroup.
↑
(set of
aeas)

set of odd integers is not a subgp
-

1.

UXCI is a subgp.
= (n . m : mer]

3. m/n + m2CnE subgp.

G .

u = Ges(ijj)3



&
. Is H = < e , (13) ,

(24) , (13) (24)]
a subgp - of Sy ?

If en + n + 0

2 Va,bel , a bet

z.

et = e

(13)
)

= (13) I EH(2u)
)

= (24)

(((3)(24))
"

= (13)(24)

· HE Sy is a subgp

eg-
n = Ges (13) , (24) ,

(13)(24), (14)]
is not a subgp

· (13) (14) H



En
- y2X

Aut(X(y) = (4 AutX) : P(y) =y

show that AutX/Y) is a subgp
of Aut(X)

If 1 [dx(y) = Y

[dxE Autexy)

Aut(X(y) + 0

2.
Consider 41 ) 42E Aut(X/Y)

Y, 042(y) = 4, (42(y)) = G, (y) =Y

: Y, 04zE Aut(XY)

1.:H = ye4 . 74% 4

y(y) = y = (4
+
oy)(y) = 47(y)

- y = y y)



: -EAut(X(Y)

·

: you
"

= Idx = 4 toU
: It is inverse of 4 in H

Hence
,
AutfXY) is a subgp

X = 41 , 2 ,
3, 43 , y =210)

eg-
find Aut(X/Y)

Auty) =

(ee24),(24)
1 + 1

3 + 3 331

Note - 1. If 315 Y2[X ,

then Aut(X< Y1) = Aut(X , Y2) < Aut(X)

2 If X is finite,
Aut(X,y) = Aut(X , X

-Y)



Let 31G be a subset.

centralizer of S in G

Ca(s) = (geG : ga
=ngyxeS]

Pf . of Cq(s) being a gp.-

8 . etG(S) : en=we unes

: Ca(S) #O

1 a , be ((s) = an = na VxES

bx = xb

(ab)x = a(bu) = a(b) = (ax)b = x(ab)

so s abEGq(S)

2 atCa(s) - an =na xtS

=> ana- = a txaa

=> na = a1x

so
, ate(q(S)

HenceCalS) is a subgpo of G



g
- 19 = S ,

S = 4(2))

G (4) = (g + Sz : g . (12) = (12)g)

= ↳e

(12) e e -

(23) (13) (123) X

(13) M

↑ X

-(123)
-

- *(132)

2 Of G = Su
,

(34) EG(9) for s = 1(2))

L Cycle disjoint
with (12)



G is called abelian (or commutative)

if ab = ba v a, bea

If G is abelian , then ((9) = G VS24

Note - Abelian Non-abelian
- -

(2) +0) Su (n > 2)

(Mu(IR) , +, O) (GLInR), , 9an]

Ex- Let geq

H(g)
= (gi : it z]

show that keg> is a subgp.

If - 1 . g = g - geH(g)
: Heg) + *

↓ a, be Heg) . Fijj st agidb = g)
a. b = gliti) = +xg)

2 . at M(g) Zi sta= gi



= g
=
= gm

- =
e +(g)

-1.

nEX , Henc = Lan : at 2) = nI

2. S3

↑asses (12)3

M((123x = Ges (123) , (132))

Tum -

Cardinality of Hegs is equal
-

to the order of g.

If -1 0(g) is infinite

suppose Hegs = Le, gegh, ... 3 is finite

: 7 is jez stitjgi = g
=> gg- = gig-
=> g(t-j)= e

-

> O(g) is finite.



which is a coutd?

so, (Hegs1 is infinite

2 O(g) is finite.

Let 0(g) = m

claim-Hg) = <gi : Oxi < m3 &

IH) = 14g:: 0xicm)) = m

&aim 1 - H(g)[(gi : 0xi < my = H)

Let ga Hig ; at

By division algorithm , 7 k,
RE *

sta = km + r
,
0xe(m

ga = gkm
+

= (gm,gl = e - g = gcH

Hence , Hig
= H) ( : obv

. &Higs(



Claim 2 : It' = mu

-

Clearly IH' > m

suppose gi = gi , itj ,
Obi

, jim
-> glij) = e & i- j)m

which is a conta as 0(g) = m

Hence , IH = m



consider In= 10 , 1 ...., n - 1)

OL13 #
0(2) - 3 2

0(3) -
-

4

:

similarly , O(1) = 0In-1) = n in In

Note - If gcd(a)n) = 1
,

then 0(a) = n

(0ca(n) in En

If - Let 0(a) = k => Ka = 0 (mod n)

: gcd(an) = 1, . . k = 0 (mod u)

-

> k= n

Hence , 0(a) = n

In general , O(b) =

gub)



given a gp
. G & a eg . HCG .

We want to define an equin on G.

For MyEG . We define say if sy
tes

checking ER
-

: EG , unt = eeH

=

> nuy. Es nyteH
: H is sg.
: Cry+ )+= => ya+ H(
I any , yez - cyt , ye'el

=> xyt - yz H

= xz H

.: 2 ~y

True , this is an eg rel.



This eg .
ree" breaks G into disjoint

eg .
classes.

What are the eg . classes ?

Rph : For any get , the eg class

of g is precisely the set

E((g) = Hg = = (hg)he +)

in KEG st ung es KeHg

If-Q EC(g) CHg
suppose -g

= ug'EH
-> FheH st ngt =h

-> ngtg = hg
=> x = hg
-> xe Hg

: El(g) CHg



Ong CE2(g)

Consider HEHG- ThEH st

x = hg
-> xgt = 2gg
- xg - = h

= xg H

- ung
: Hg CEC(g)

Hence, E((g) = Hg.



4 = HE2(g) = H Hg

Rg : G - 4
x -

xg

Laim : Rg is a bijection.

-It is suff to show

that ERg + 1 .t

RgoRg+ = Idq = Rg+ ORg

RgoRgt(x)
= Rg(2gt) = ugg = x

Rg+ oRg(n) = Rg+ (ng) =

xgg
- 1

= x

-

> Rg is a bijection.

Alternatively ,
we could have directly

shown that Rg is injectivea subjective.



Charly , Hg = Rg(H)

A bijective map preserves size) of sets.

so , if G is a finite group ,
then

H is finite.

.. #Rg(H) = #Hg
Fr

: #= Hg

Since
, a = f((gi) #EC(g2) .. - HELge)

= Hg Hgz ... H Hge

# G = (#H)l
- #H 1 + 9

(Lagrange's Thm)



structure of Pf
1
Put eg .

ur on G

1

. Checked that eq . classes are of
the form EC(x) = H

1.
Showed Rg : 4 - G , Rg(n) =

g
is a bijection o #(g) = #H

- #G = #H (# eg . classes)

prime
1: #4-p . Let get , gie

Then (9) = G
&

(g)
= (gili = 23

If-By (T ,
# (g) /#4

=

P

- # (g) = 1
, P

X

·: g + 2

=> #(g) = p
= #G

-

(g)
= 9
-



2 : If #9 = p (Prime) , then G is generated

by every non-tul elem of G

2 : If #G = p , them for ge , 0(g) =

↑

( : 0(g) = #(q))

I : Let G be a finite gp.
Then

0(g) 1 #4 for get

& : o(g) =

F

1: Given /#4 ,
does there exist

get
s= d = 0(g) ?

No !

: #G1#G, does there exist an elem .

g
with O(g) = #G ?

If yes , leta be such elem



Then #(g) = 0(g) = #9 + (g)
= 9

But , (g) is Abelian
,

whichG may not

be Abelian

g
- S

Now consider &#G & &C #9·

Still, the answer umains no.

If 91192 are 2 gps· then there

is a natural group structure on G,XG2

(g . 192) · (gisgi) : = (gegp , gage)

Note that,

Assoc (g(gz) · ((gp ,g2)) . (g ,
"

, gz"))
= ((g)g2) · (g) ,gi)) . (g ,

"
, gz")

Id e = (e) e2)

INV . (g1(92)" = (g) , gz )



Nows consider G = <F1)

0(g) = 2v ge GX9XGX9

which is a counterexample



#I. If HC* ,
the En et H = (n >

If
- Let HCI be a Sg.

If H = 203,
then ther is nothing to show

Ele , J ne - stn O & neH.

-> (-n)H

Either n or (-n) is (tre)

H contains a (tve) integer

Consider the smallest (tre) int not

Claim : H = (No
-

=C ...,
- 2no

,
-no >

0 , no ,
2no, ... 3

Consider hEH .

By EDL / 7 geR ,
0x1(no e .th = quo+

If 1= 0
,
h=nothe (no

1 +0 - 1 = h - quo = 1EH
ww

EH EN & Ock(No



which is a contd" since we assumed

no to be the smallest such int.



E2 :

L: Let get be an eleme of finite
oder n

.

Let my 1 be an int

st min

Then gam has order m.

If - (gm)
m

= gn = e

We need to now check that

m is the smallest such int

If not
, 5 12km st (gh/m)"= e

grkim = e

which is a contaBut
, a

: 0(g) = n



3 :

If -

Ha = <e, a, . . ., any
Hp = Le, b, . . . , yurl

Consider ge Ha14b
: ge Ha:· ge Mb

coprima
- 0(g) = 1

- ge

: labjunamnym C: G is abelian)
= lamy (n gu
= 2

Let Olab) = K & (ab)k= e

Suppose g
= ak = b

= k



Them ge HalMy
+ g

= e

=> an = b
- k

= e

=> alze & bk = e
&

-

> m/k
-> u/k

-> mulk ( : ged(min) = 1)

To prove K is smallest,

k Inn & malk -> K = on

· S
on contan



↳ If nik & wlk
,

then emlmin)/k

17 -n = p,

H
... pel qa. .. gas

m = P, ... Pers d. .. ce

where Pi , gi , Ci are princes

li ,
Si

,
Ai , di > 0

minkli , si mindle , seh

gcaln ,m) = P . . . . . Pr

If-net din & dim.

Conside a prime pst pld
-> P

= Pi , I Size

so, d = p, ... Pr where X0

anli Gei mindliia
windli , si

=> ali Pi



em(n,m) = I pi
mashlissibai

di

If-hetaon a-
pild & cild

So,a = e.pidgi

where e is st its prime factors
are diff . from pi , gi , Cis .

uld = xipli ~ Biai
mid = aisi & vi di

=> xixmandli , lib

e it pinance, esgaitc I d

.. it pinamceisesgatci is lam(mm) .

Hence
,

emelhim) /d



1: If gcalnim)
= 1 ,

then em(nim) = man.

If
= li = si = 0

-em(nm)=ga a
di



Ex4 : Let pi be the prime factors of
-

either m or n

m = T pid n = p :
Bi

ai
,Bi O

consider m = I pidi & n= piBi
i :dii i :Bis di

Note that milm & n'In & galmin) = 1

Alsos lam(m, n) = min)

consider al = amm) + b)= yMn)

clearly 0(a)) = m) & O(b)) = n)

Hence,
we have reduced the question

to the previous one& it follows
that Olab's = km(m , n).



Ch3 : Homomorphism

gpHism-het 68 H be gps.

f : G -> H St

f(xy) = f(x) f(y) Ex , ye9

Note : Multiplication blur &y is

that of G while that blu

f(x) & fly) is that of H.

1 : fleg) = en

If : exe
= ea => flexes) = flea

-> flea) flep) = flea
·: h = flea)H = 7h

+
H

: ht = h

he = ah
+

h = 2n

Hence , fleq) = en



- Kundl :

ku(f) = (g(G) f(g) = en)

L: kulf) is a sg . of 9

If : I flea) = en

=> eE ku(f)

1 Consider a,
b Emulf]

- fla) = en & f(b) = en

=> flab) = f(a)f(b)
= en en

= en

=> flab) ku(f)

2.

Consider at kulf)
-> f(a) = en

aat =

2 = flaa) = f(ea)
=> f(a)f(a-1) = en



=> eu f(at) = en

I f(a
-1) = en

-> a
+

eku(f)

L: f(g) = f(g)

If
:

g.g
+

= eq + f(g . g
+ ) = f(e)

-> fig)f(g) = en
-> f(g)" +(g) f(g + ) = f(g)) . e

=> f(g
-

1) = f(g)
+

We'll drop the subscript for identity now.



L: f : g - G' be a gp
.

hism.

Let H24 ·

Them the set

f(m)
=Gx = G(f(x)EM329

Pf- Consider niyef" (H)
↳ We need to show thatmy ef(H)

- I

x , ye + (H) = f(u) , fly) H

> finy) H
->

2y + + " (H)

2 xt f((n) + f(x) = +

= fluster
=> fluts H

=> x- + (H)



1 : Let K = kulf). Then gl = kg
-

Pf-We will show that glgtck)

Consider KEK.

f(gkg
-

1) = f(g) f(k)((g+) = f(g)f(g-)) = e

=> glegteK

: gkg
+ c k

gug" = k1 ,peK

=> gk = kg = gkEkg

: gkc kg

since
, glgt c K) holds VgEG

it also holds fort

... g'kqc K



By similar argument , we can show

that Kg CgK

: gk =

kg

1 : If KG It gl = lg V geG ,

then If : +9 gp hism It

k = ku(f)

If Let P(G) be the power set of G.

Let CCP(9) be the collection of
light cosets of K.

c = (kg/geq)

Aut(C) = 10 : C-C 10 is a bijection)

We will define a map of sets



: 9 - Aut(C)

y(x) = Ex

Recall the map In : +6 , Laly) =

my

Claim : In (kg) = Kag-

(x(kg) = ukg

Consider xkge(x(g)

xlg = king(kng = xkgckng

simiarly ,
we can show Knqcukg

Hence
, uKg = Kng +

> Lu(kg) = Kng



L : G + G defines a map

In : P(G) -> P(G)

[u(S) = (y(S)

Our claim shows that [x(S) preserves

P(9) En p(a)
UV

EnC

It is clear that

as its inverse isIn
is a bijection

En+ ([n(s)) = [m(huls)] = (x (Lu(S))

= x- xS = S

so
,

indeedIn : C-C is a bijection
& hence In E Aut(C)



We need to check that

play) = y(x) ((y)
I

Try = Enoty

If SCG ,
then

[noty(s) = [m([y(s)) = Elys) = mys
= Try (5)

Hence
, I is a gp .

hism

What is Ku(l) ?

ku(4) = \ne91 = Idc)

In = Idc E FgEG , we have

-

(n (kg) = Id(kg) =

Ig

↓ 1 < kullS

KEK( [u(kg) = (u(kg) = kkg = kg



z KullK

Suppose In = Idc
,
then

[n(k) = K

=> (x(k) = K

> xk = k

> xEk

->

(u(() = K

- Normal sq
: HG s . t giget VgEG

(gH =Hgfg(G)

I : Sg is normal Es It is knnel of
a gp h'sm



I: f : 6 - H gp . hism

then the subset f(q) EH

If : f(m) , fly) < f (q)
=> flus flys = fluy) f(q)

f"(x) = f(x+) = f(4)

Given any
two gpe. G & H

, we

always have at least I gp . hism

frivial : G - H

trivial (g) = e VgEG



Note - #f(G) #ku(f) = #9

&

# f(G) #H

of #G & #H are coprime ,
then #(9)

=/

o f = frivial

Hence , there does not always exist

a non-I've gp .
hom


