
Tutorial Sheet I

1 Describe all the 2 2 row reduced echelon matrices

2 t
A

For which Y I does the system AX Y

have a sloution

3 Not A be a mxn matrix

i suppose there exists
a non matrix B such

that BA I Show that A is invertible

i suppose there exists a mxn matrix c such

that AC I Show that A is invertible

4 Net A It B

find a matrix c such that A B

Is the matrix unique

5 If A is an Mxn matrix and B is an

n m matrix
with him show that AB is

not
invertible

6 Net B E Mn

1 Show that B AE Man d AB BAY is a subspace

of Man
Ca

find is where B 83.91mi



7 Let EMnxi.CC Consider the

set LA x AE Max Ca Ax 0J
i show that LA X is a subspace ofMnf
n show that LA x is a left ideal of Mnxn.CC

that is BCE LA X whenever CELA X and

BE MnxnCC

in show that LA X Mux.CC if and only if
0

Net A.BEMnxn
G be such that AB 0

Give a proof
or counter example for each

of the following
i BA 0

5 Either A 0 or B 0 or both

in If B is
invertible then A 0

i There is
a vector X 0 such that BAX 0



Tutorial Sheet II

1 Are the vectors 9 1,1 2,4 92 62 1 5.2

as
1 1 4,0 94 2,1 1,6 linearly

dependent
in IR

2 Let V be the vector space of all 2 2 matrices

over

i Prove that V has dimension by exhibiting
a basis for V which has four elements

in Yet w A E M299 Asa Anz 07

Show that W is a subspace of v and find
the dimension of W

3 Let X be the vector space of all polynomials
p t of degree Kny

and let Y be the set of
polynomials

in X that vanishes at t tj ien

i Show that Y is a subspace of X

a find dimx and dimy
in find dim Xy

4 Net be a vector space and A be a linearly

independent subset of V Prove that A is a basis for

if and only if it is a aid linearly
independent subset of

V that is addition of any
vector to A will result in a linearly dependent set



5 Let V be a vector space and let

Span A V for a subset A of v

Prove that A is a basis for V if and only

if it is a trial spanning set that

is removal of any vector from A will

result in a set which does not span V



Tutorial Sheet III

Q1 Net 50.17 t E 7 C f is continuous
Define T C To D b

f 1 t mn dn E C 0.1

Show that is a linear map

Q2 Let X be a vector space over f If nex

is a non Ziro vector show that there exists
a linear map T X F such that

T n 0

Q3 Yet C E 1.13 ft 1.1 R f is continuous

Define P C E 1 D E1,17 b

Pf n 1 at E 1 1

FEC 1 D

Show trial P is a linear map and p is

a projection that re p2p

Q4 Vit X be the vector spaceof polynomials wilt
complex co efficients of degree less than n

Yet So Sn be distinct complex number

Define a map T X Ch by
T P P so p Sn PEX

i Show that T is a linear map

is The null space of T is trivial and T is my

a surjective map



in show that there exist n numbers mi mn such
that 7pm dn m p t Mnp tn PEX

Where tn are n distinct points in To 1

iv Show that the map T X defined by

p
PCs P Sul is surjective

For α 4 Ec fin a polynomial b
in such

that p s di 1 1 in



Tutorial Sheet IV

Q1 Net X be a finite dimensional vector space
linear map ME X X is similar to NE x x

if an invertible element SE X x such that

M SNS

i show that similarity is an equivalence relation

a If either M or N in X x is invertible then

MN and NM are similar

in If A and B are similar show that

dim RA dim RB and dim Na dim Nrs

Let X be a vector space over F with basis

2 921 an for each KIEN define a linear

functional fi X F b taking linear extensing of
the following fi n dig 5 1 in

where di ftp
it i j

0 if it

Show that e l en is a basis for
Such a basis is called the dual Basis of ahow

Q3 Int X be an n dimensional vector space over

aw let l be a non Zero linear functional on x

i What is the dimension of Ne
g If f is a linear functional on X

show that f al for some def if and only if



Ne Ny

in At v be a subspace of with dim v h i

such a subspace is called a hyperspace find

a linear functional 8 F such that

Ng
V

i find a linear functional 8 on R such that

Ng is
the line an by 0 a ber

Qu Let T be a linear map on 122 defined by
T mi na m n

i find the matrix representation of T in the

standard ordered basis of IR
find the matrix representation of T

in the

ordered basis 1,2 1 1



Tutorial Sheet V

Q1 Let A be an non matrix over a IF

For any EF show that det A det A

12 Xit A be a 2 2 real matrix be such

that AZO
Show that det CI A c for

any
real number c

3 An Mxn matrix A over IF is skew symmetric

if AT
A If A is a skew symmetric

mxn matrix
with complex entries and n is odd

show that dat A 0

14 An non matrix over IF is orthogonal if

AAT I If A is orthogonal show that delta 11

Give an example of an orthogonal matrix with

delta 1

15 Let S be the permutation group of
n symbols

Show that Sgn Sn 11

defined b 5 synco is a group

homomorphism
that ie Sg 5,06 Sgn G Sgu 62

6,162 Sn

16
Find an eigenvalue of

the matrix

2022 2 3

13



Q7 Net T IF IF be a linear map
Show that

det Tex T n C det 41 An

for all α α IF Where

c det e en and

e en is the standard basis for

Find matrices A B EMux e and scalars

y.pe c such that

i X is an eigenvalue of A β is an eigenvalue

of B
but A β is my an eigenvalue of A B

n Xp is my
an eigenvalue of A B

I



Q1 Net A Munir

Under what condition on a band c is A diagonalizable

Q2 If A le a 2 2 real nontrix such that

A AT symmetrie then show that A is diagonalizable

13 Net A and B be uxn matrices over IF Show

that A and B has same eigenvalues

Let N be a 2 2 real matrix such that NEO
Showthat

YY.is similar to either 0 or 8

Q5 Let V be the space of an real valued continuous

function
on R Define T v v b

f n 1ft t at
HER

Prove that the operator
T known as Volterra operator has

no eigenvalues



Tutorial Sheet VIII

Q1 Let AE MnxG4 be a rank one matrix Snow that

either A is diagonalizable or A is nilpotent my both

Q2 Give an example of two 4 4 nilpotent
matrices which have same minimal polynomial
but which are my similar

0.3 Net A be a non matrix such that
AEO for some

positive integer
k Show that AM 0

4 Net T MnxnF Mnyn IF be defined b

B H AB

for some fixed AE Mnxn F Is it true Ilint T

an A have same eigen values

Show that the
minimal polynomial for T is the minimal

polynomial for
A

15 Find primary decomposition of the matrix

over IR

16 Find the projection
E which project 124 onto

Itu spare span 1 1 AM N E Span 1,2

1.7 If E is a projection on a vector space

V then show that I E is also a projection

w



How N E and RCI E are related

18 If E is a projection on V show

that R E NCE



Tutorial Sheet VIII

Let N GW Nz be 3 3 nilpotent matrices over I

Show that N and Na are similar if and only
if they have same minimal polynomial

If A is a complex matrix with Characteristic

polynomial n 2
3
n 7 and minimal polynomial

n 2 n 7 what is the Jordan form ofA

Q3 How many possible
Jordan form are there for a

complex matrix
wilt characteristic polynomial n 2

3
a 1

Qy clarify up to similarity of all 3 3 complex

Tuatrices A such that A II

1.5 It N and Nz be 6 6 nilpotent matrices over

Suppose that N and No how Itu same minimal

polynomial
and the same nullity d NINA d NCN Prove that N

and N are Similar

et J m be the Jordan matrix of size m

Show that J m and JCM
T
is similar Us

Jordan canonical form to prove that every complex

matrix A
4 Similar to AT



Tutorial Sheet IX

Apply Gram Schmidt process to the vectors 1,0 1

1,0 1 and 0 3,4 to obtain an ONB for 1123

Consider the vector space Mnxn 4 Show that

the map Mance Mance

defined b A B tr AB is an inner

product on Mnxn C
Yet Y be the space of all

diagonal matrices

a find an ONB for Y and find yt
b for real non matrices A and B Show that

tr ABT to AAT to BBT

c Consider the linear functional

9 Mnp
I defined

n

A Ai If aij
Check the validityof the Riesz representation

theorem

that is find the unique matrix
B such that

Q A A B At Mance

d Yet J be thenon matrix
with all the entries

equal
to 1 find the best approximation

of J
in Y



13 Let U be a unitary map on IR with the

standard inner product Show that the

matrix representation of U with respect to the

standard basis is _Go Sind
Coso

Sing
or

sino asoeither
sino aso

µ some o 0 it b 0 reflectionfollowedsrotation

14 For the matrix

find a orthogonal malix U 5.7 UAV D

Where D is a diagonal matrix

15 Show that T is normal if and only if
T it for some commenting self adjoint

maps T andT2


