Tutorial Sheet 1!

e?—1, x>0
1—e* <0
y(x) is a solution of ¥’ = |y| + 1 on (—o0, 00).

1. Let y(z) = . Check that the derivative of y is continuous. Verify that

2. Find the general solution for the following equations.

(a) ¥ + 3y = cos 10z

(b) v +2y =2

(c) ¥ +y—sin®z =0
(@) ¥ +2y—(1+2%) =0

3. Find the general solution for the following equations.

(a) ¥ — 1_2:;2@/ 0

(b) ey —ay =0

(c) (1+cos’z)y —sin2xy =0
(d) ¥ +€2® cos3zy =0

4. Find the general solution for the following equations.

(a) xy' + 2y = 822
(b) (z—2)(z — 1)y — (4o = 3)y = (z — 2)°
(c) 2%y + 3y = €®
5. Solve the following non-linear differential equations.
(a) ¥ =2y —10y°
(b) 522y —3xy +e*y5 =0
(¢) zy + 4y = 162%y'/?

6. Solve the following differential equations.

(a) @:x—k?)y
dx T —y
3+ 3
b) ¢y =
(b) y r

7. Following may not be separable but can be made separable by substitution.
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8.

10.

11.

12.

13.

—6x +y—3
(@) y=——"-+

20 —y—1

—x+3y—14
b /:—_
(b) y P

()
(d)

Show that the initial value problem 3" = ,/y, y(0) = 0 has more than one solution by
finding at least two solutions explicitly.

3r+2y+2)y — (20 +3y+10) =0

(
(x+y—2)yY —2x—y—3)=0

Find all initial conditions such that (z? — z)y’ = (22 — 1)y has no solution, precisely one
solution, and more than one solution.

Let zy/ — 2y = —1.
(a) Find a general solution to the above problem on R — {0}.
(b) Show that y is a general solution for the above ODE if and only if

1 2
§—|—clx, x>0

1
§+02x2, z <0

where c¢1, co are arbitrary constants.

(c) Conclude that all solutions of the ODE on R are solutions of the initial value problem
zy' —2y=-1, y(0)= %
(d) Show that if 29 # 0 and yg is arbitrary, then the initial value problem
xy' — 2y =—1, y(xo) = yo has infinitely many solutions on R.

Why does this not contradict existence and uniqueness theorem for linear ODEs?
Solve the following IVP’s

(a) (1+2y)y' =2z, y(0) = -2.
x?
(b) ¥ = (313;5)6;, y(0) = 1.

(c) ¥ =2cos2zx/(3+2y), y(0)=—1.

In each of following problems determine (without solving the problem) an interval in which
the solution of the given initial value problem is certain to exist.

(a) ¥ + (tan z)y =sin x, y(m)=0.
(b) (4 — 22y + 22y = 322, y(1) = 3.

In each of following problems solve the given initial value problem and determine how the
interval in which the solution exists depends on the initial value .



14. (a) Verify that both y;(z) = 1 — = and yo(z) = —22/4 are solutions of the initial value

problem

—x + (22 + 4y)'/?

Where are these solutions valid?

(b) Explain why the existence of two solutions of the given problem does not contradict
the uniqueness part of the existence uniqueness theorem for ODE.
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1. Determine if the following equations are exact and solve them.

(a) (3ycosx + 4we® + 2x%e”) dx + (3sinx + 3) dy = 0.
1 1
(b) (x +2z) dx + (; +2y) dy = 0.
(c) (ysin(xy) + xy? cos(zy)) dx + (xsin(zy) + ry? cos(zy)) dy = 0.
(d) (ye™ cos2x — 2e™ sin 2z + 2x) dx + (ze™ cos 2z — 3) dy = 0.
(e) Y =

(22 +y )3/2 dr + (22 + y2)3/2 -
2. Solve the following IVP.
(a) (423y? — 622y — 22 — 3)dw + (2z'y — 223) dy =0 y(1) = 3.
(b) (v* —1)e” dx +3y*(e” +1) dy = 0, y(0) = 0.
(¢) (92%+y—1)de—(4y —2) dy =0, y(1)=0.
3. Find all the functions M such that the following equation is exact.

M(z,y) dz + 2xysinzcosy dy =0

4. Find all the functions N such that the equation is exact.

(In(zy) + 2ysinx dz + N(z,y) dy = 0.

5. Suppose M and N are continuous and have continuous partial derivatives M, and N, that
satisfy the exactness condition M, = N, on an open rectangle R around (zo,yp). Show
that if (x,y) is in R and

F(z,y) :/xM(s,yo) d8+/yN(x,t) dt.

Yo
then F, = M and F;, = N. (HINT: Use Leibniz Rule for differentiation under the integral
sign)
6. Solve using the previous exercise. (22 4 y?) dx + 22y dy = 0.

2zy

2
7. Solve the initial val bl e i S
olve e mitial value problem vy + xy 22 n 92 1

y(1) = —2.
8. Solve the following after finding an integrating factor.

(a) (27zy? + 8y3) dx + (182%y + 12xy?) dy = 0.
(b) —y dx + (z* — ) dy = 0.



10.

11.

12.

13.

(¢c) ysiny dz + z(siny — ycosy) dy = 0.

(d) ( + 51n]x\) dx + 4z n |z| dy = 0.

(e) (32%y® —y* +y) dx + (—zy + 22) dy = 0.

(f) y dac + (2z — yeY) dy = 0.

(g) (acos(zy) — ysin(zy)) dx + (beos(zy) — zsin(zy)) dy = 0.

Let 4/ 4+ p(x)y = f(x). Show that = e/ P(®) 4% ig an integrating factor. Find the explicit
solution using this integrating factor.

Show that if (N, — M,)/(zM —yN) = R, where R depends on the quantity zy only, then
the differential equation M + Ny’ = 0 has an integrating factor of the form u(xy). Find
a general formula for this integrating factor.

d
Use the previous problem to solve (3z + 9) +(—+ 3g)—y =0.
Y

Y x’dx
Consider the initial value problem 3’ = y/3, y(0) = 0.

(a) Is there a solution that passes through the point (1,1)7 If so, find it.
(b) Is there a solution that passes through the point (2,1)? If so, find it.

Apply the Picard’s iteration method to the following initial value problems and get four
iterations:

(a) ¥ =2+4+y,y0)=0

y(
(b) ¥ =2y y(0) =1
(¢) ¥ =2y, y(1) =
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. Find the general solution of y” — 2y’ + 2y = 0. Solve it with initial conditions

. Compute the Wronskians of the given set of functions.
(a) {e*,e"sinz}

(b) {a'/?, 2713}

(c) {xIn|x|,2%In|z|}.

. Find the Wronskian of a given set of solutions of 3” + 3(z% + 1)y’ — 2y = 0, given that
W(r) = 0.

. Find the Wronskian of a given set of solutions of (1 — 22)y” — 2xy’ + a(a + 1)y = 0, given
that W(0) = 1.
. Find the Wronskian of a given set of solutions of z%y” + xy’ + (z? — v?)y = 0, given that

W(1) = 1.

. Given one solution yj, find other solution yo s.t. {y1,y2} is linearly independent set.

(a) ¥ =6y +9y = 0; yy = €™,

(b) 2y —zy +y=0;y1 ==.

(c) (2° —4)y" +4xy +2y = 0; 51 = 1/(2x — 2).

. Suppose p1, 2, q1, g2 are continuous on (a,b) and the equations y” + p1(z)y’ + ¢1(x)y =0

and y” + p2(2)y’ + ¢2(x)y = 0 have the same solutions on (a,b). Show that p; = py and
@1 = q2 on (a,b). [Hint. Use Abel’s formula.]

. Find a linear homogeneous ODE for which the given functions form a fundamental set of
solutions on some interval.

(a) e* cos2z, e” sin2x
(b) z, e**

(¢) cos(lnz), sin(Inz).
. Solve the following IVPs.

(a) ¥+ 14y + 50y = 0, y(0) = 2,5/(0) = —17.
(b) 6y" —y' —y =0, y(0) =10,y'(0) = 0.

13 23
4" — 44/ — = = — / = —
(c) 4y" — 4y —3y =0, y(0) T (0) 51



(d) 49" —12y' +9y =0, y(0) =3,y'(0) = 5

10. Find a particular solution of 22y” + x1/ — 4y = 22%.

11. (Principle of Superposition) Assume y; is a solution of a(z)y” + b(z)y' + c¢(x)y = fi(z)
and ys is a solution of a(z)y” + b(x)y' + ¢(x)y = f2(x). Show that y; + y2 is a solution of
a(z)y" +b(@)y + c(z)y = fi(z) + fo(2).

12. Find the general solution of

(a) x%y” —3xy +3y ==z

(b) ¥" =3y +2y=1/(1+e77)

(c) 2%y +xy —4y = —6x — 4

(d) z%y" — 2zy + 2y = 29/2

(e) 9" — 2y +y = 14a3/%e”

(f) v 4 4y’ + (422 + 2)y = 4e~*(#+2) given that y; = e, yo = ze~% are solutions of

homogeneous part.
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1. Solve the following differential equations

(a) y¥" —y=

(b) y® +64y =0

(© ¥y +y W 4y +y" +y +y=0

(d) ¥ —2y" +4y =8y =0, y(0)=0, y'(0)=-2, y"(0) =0

(e) y" —6y" + 12y =8y =10, y(0) =1, y'(0) = -1, y"(0) = —4

() y™ +2y" —2y" — 8y —8y =0, y(0) =5, y'(0) = —2, ¥(0) =6, y"(0) = 8.

(&) ¥ +2y" +y=0.
2. Find the fundamental set of solutions for the following equations.
(a) (D*+9)3D%*y = 0.
(b) D3(D —2)%(D? + 4)%y = 0.
(c) [(D—-1)*—16]y =0

3. Find a particular solution using Anhilator method. Write down the Anhilator explicitly.
Do not evaluate the coefficients.

(a) y" 2y”—|—y =13 4 2¢!
(b) y® — ¢ — o +y =12 + 4+ tsint.
(c) y +4y”—s1n2t+te + 4.
(d) y — 29" + vy — 2y = —€*[(9 — 5z + 42?) cos 2z — (6 — 5z — 322) sin 2z]
(e) y — Ty" +18y" — 20y’ + 8y = €?*(3 — 8x — 5z?).
(£) y™ + 59" + 99" + 7Ty + 2y = e"*(30 + 24x) — e~ 2%,
4. Find the general solution using the annihilator method (method of undetermined coeffi-
cients).
(a) v — 2y — 3y = *(—8 4 3x).
(b) o' +y=e%(2 -4z + 22%) + €3%(8 — 122 — 1022).
"+ 3y — 2y = e 2*[(4 + 20z) cos 3x + (26 — 32) sin 3x].

)
)
)y
(d) o' + 2y +y = 8x?cosx — 4z sin .
() ' —y' —y +y=2e"+3
(f) y — 49" = 3t + cost.
(2) v - y” - y’ +y = e*(7 + 6x).
(h) 4y@ — 11y" — 9y — 2y = —€*(1 — 6a).
1) v + 33/’ + 4y’ + 12y = 8 cos 2x — 16 sin 2.



G) y™® +3y" +2y" — 2y — 4y = —e~*(cosx — sin x)

5. Let Py(x)y” + Pi(x)y’ + Pe(x)y = F(x). Let y1 be a solution to the corresponding ho-
mogeneous equation. Then making the substitution uy; in the differential gives a second
order equation of the form Qq(z)u” + Q1(x)u’ = F. This is really a first order equation
in variable z = «’ and can be solved using the variation of parameters method. This is
called the method of reduction of order. Use the method of reduction of order to solve
(2 —2)y" + (20 — 3)y” — 2y’ +y = 0 given that y;(x) = e” is a solution.
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1. Determine if the following improper integrals exist.
a) [oo(t2 4+ 1)t dt, (b) [{°t2e dt

2. Find the Laplace transform of following functions.

et, 0<t<1

(e) f(t)= {6—21%7 ;2 1
t, 0<t<l

@ fo={; "5
3. (a) Prove that if L(f(t)) = F(s), then L(t*f(t)) = (=1)*F®)(s).

[Hint. Assume that we can differentiate the integral [ e~ f(t)dt with respect to s under
the integral sign.]

(b) Using L(1) = 1/s, show that L(t") = ST v an integer.

4. Show that if f is piecewise continuous and of exponential order, then lim,_,~ F(s) = 0.

5. Show that if f is continuous on [0, 00) and of exponential order sy > 0, then

</f w)=<ﬂ,s>m

6. Suppose f is piecewise continuous and of exponential order, and lim;_,o4 f(t) exists. Show

that

L (fff)) - /:O F(r)dr.

7. Suppose f is piecewise continuous on [0, c0).

(a) If the integral g(t f e~ %07 f(7)dr satisfies the inequality |g(t)| < M, t > 0, then
f has a Laplace transform F(s) deﬁned for s > sg.
[Hint. Use integration by parts to show that

T T
/ et f(#)dt = e~ =0T g(T) 4 (s — s0) / e~ (=50t g (1)t
0 0

(b) Show that if L(f) exists for s = sg, then it exists for s > sp.



8. Find the Laplace transform of the following functions.

(a)

sin wt
P

>0,

cosht —1
(c) 7
sinh? ¢
d .
@
9. Suppose f is continuous on [0,7] and f(t +T) = f(t) for all t > 0. We say f is periodic
with period T.

(a) Show that the Laplace transform L(f) is defined for s > 0.

(b) Show that

1

T
)=t /0 eLf(t)dt, 5> 0

10. Find the Laplace transform of the following periodic functions.

@ s0={,", VZ135 sern =50, 20

(b) f(t)= {_11 ?é t;t i/f Flt+1)=f@), t>0.

@ s = {75 PEIST . sarem = s, z0

(d) f(t) =|sint|.
11. Find the inverse Laplace transform of the following functions.

3
(a) m,
25 — 4
52 — 45+ 13’
s2—1
52 — 45+ 3
(s2 —4s+5)%’
34252 —s5—3
(s+1)* ’
3—(s+1)(s—2)
(s+1)(s+2)(s—2)
3+ (s —2)(10 — 25 — 5?)
(s —2)(s+2)(s—1)(s+3)’




24 3s

(s24+1)(s+2)(s+1)’
3542
(s2+4)(s2+9)’
17s — 15

(s2—2s5+45)(s?+ 2s +10)’

25 +1
(k) (s2+1)(s—1)(s—3)

12. Solve the following IVP’s using Laplace transforms.

(h)
(i)

)

(a) y” +3y +2y =e¢', y(0) =1, ¥'(0) = -6,
(b) " =3y +2y = 2e3t7 y(0) =1, y'(0) = —1
(c) y" +y=sin2t, y(0) =0, y'(0) =1,

(d) y" + 4y = 3sint, y(0) =1, y/'(0) = —1.

(e) ¥"+y=t, y(0) =0, y(0) =2,
(f)
(8) y
(h)

f y”+2y +y =6sint —4cost, y(0) = (
— 5y’ + 6y = 10e! cost, y(0) = 2, y(O) =1,

~
Qﬁ\
o]
~
I
—_

h) ¥’ + 4y + 5y = e Y(cost + 3sint), y(0) =0, y'(0) = 4.
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1. Find the Laplace transform of the following functions using the Laplace transform of step
functions.

te!, 0<t<l1

@ so={ & 0515

€ )

t, 0<t<l1
(b) fit)=14 3, 1<t<?2

0, t>2

2. Find the inverse Laplace transform of the following functions.

e ™ (1 — 2s)
s24+4s5+5 "

12, (3 1 (43
(b)H(S):g—g‘F@ (8—82)“!‘6 (8+82).

3. Solve the following IVPs using Laplace transform.

(a) H(s) =

2t
nwo o) oeT 0<t<?2 _ e
(a) y y—{17 t>9 - YO =3 y(0)=-1
1, 0<t<l
(b) v" =5y +4y=¢ -1, 1<t<2. y(0)=3, y(0)=-5.
0, t>2
3
cost, O§t<77r
(c) ¥+ 9y = y(0) =0, y'(0)=0.
- t>37r
S1n —_—
’ =2
t, 0<t<m
@ vru={ " PSIIT w0 =0 s =0

0 0<t<2
"o oao _ ) = — / —
(e) ¥ =3y +2y {%_& t>9 - v0=0,y(0)=0
t
" , ] e 0<t<1 _ ey
O wery={ G, "S5 w0 = v =1
2, 0<t<l1
(g vV +2y +2y=<¢ —t, 1<t<2. y0)=2 ¢(0)=-1
-1, t>3r

4. Solve the IVP and find a formula in terms of f for the solution that does not involve any
step functions and represents y on each interval of continuity of f

(a) y" +y=f(t) y(0)=0, y(0)=0;
f&)=m+1, mr<t<(m+1lm, m=0,1,....



(b) ¥ +y = f(t) y(0) =0, ¢'(0)=0;

f@) =™, mr<t<(m+1l)m, m=0,1,...
(©) ¥ —y=f(t) y(0)=0, y(0)=0;

f&)=m+1, mr<t<(m+1lm, m=0,1,....

1— m+1

Hint: You will need the formula forl—&—r—i—...—i—rm:liir(r#l).
(d) ¥ +2y +2y = f(t) y(0) =0, y'(0)=0;

f(t) = (m+1)(sint +2cost), 2mr <t<2(m+1)mr, m=0,1,....

5. Express the following inverse transform as an integral.

1
(2) s2(s2 +4)

) ey
(c) (s+2)(s2+9)
1
(s+1)%(s®>+4s+5)
1
(¢) s%(s—2)3

(d)

6. Find the Laplace transform

(a) fg sinat cosb(t — 7) dr.
(b) fg sinh at cosh b(t — 7) dr.
(c) e
(d) tfo Tsinh(t — 7) dr.
)
)
)
)

¢ f(f sinwt cosw(t — 1) dr.

e t — 7)4sin 27 dr.

(
(f
(g
(h fot(t —7)877 dr

(i) fg e Tsin(t — 1) dr

t—7)778 dr

Jt=7)
[i(t —7)Te T sin2r dr.
Jt=7)

7. Find a formula for the solutions of the IVP.
(a) ¥+ 3y +y=f(t
(b) " +4y = f(t), vy
(c) ¥+ 6y +9y = f(t), y(0)=0, y(0)=-2
(d) y "+ w? y = f(t), y(0)=a, y'(0) =0b.
(e) y



10.

11.

Solve the integral equation
(a) y(t) =t — [yt —7)y(r) dr.
(b) y(t) =1+2 [} cos(t — r)y(r) dr.
(c) y(t) =t+ [yy(r)e 7 dr.
Show that f+xg=g=x* f.
Show that if p(s) = as? + bs + ¢ has distinct real zeros r; and 72 then the solution of
ay” +by +cy = f(t), y(0)= ko, y'(0) =k
is

rit rot rot rit
roe’lt — roe et —e 1
y(t) = ko + k1 +

ro — 11 ro — 11 a(rg —rq

] /0 (e"T —e" ") f(t—7) dr

For the above problem find a formula for the solution if the roots of p(s) are repeated and
is given by 7, and when the roots are complex A\ + iw.



