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Multivariable Calculus



Instructor: Prof. Shipad Garge
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References : Spirak Calculus on Manifolds
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Main aims of Calculus : Diff . & Integration
and studyl blu these two

Distance , No

Continuity

Differentiability
Riemanm integration
FTC

s

☆
Fundamental Thur

of Advanced Calculus

(Stokes Thm)

Note that IR" is a vector field over IR.

Elements of IR" a called vectors.

IR
"

= { (n, …

, an ) : RiGIR }



( x1 ) …

, nn ) t (Y 1 )
… , Yn ) = (ni +Y 1 )

…

, Hutyu
)

α (n) … ) そu ) = (αn ) … ann )

α (V+ w ) = αv t αw

Nam :

A norm on Rh is a fur
11 . 11 : IRV--IR s . E

1

. lIV11 , 0 UHERW & IIVIl = 0 iff v= 0

2. Triangle ineq: Ilv+ wlldIVII + 1 W/ V V IWER

≥ Hαwll = 1411w 1 lθ αGIR , NEIR
”

eg: 1

. Euclidean now : 11(MK ..., Un)1l = (ui+ ...
+un)"

2.. Sup nom : 11(m11 ..., mn)11 = mand(ail]
"

i=

(01 x-norm)

UCm . , n )llp =
(
InlPt . … + HunlP)

"P
θ 1 EPE ∞



2.
What happens if we don't take the pth power or

the pth root ?

Cond 3. is violated.

A norm fur on R gives rise to a dist
. fun on IRh

↑ nuteic (or dist. funs on Rh is a fun

d(... > : IRMXIR"-> IR" et

↓ dlviw),
0 f vewar"

& dLU, WS = 0 iff V = W

2. alu, v) + d(vw) > dLuw) - UV, WERM

2. diviw)
= d(w >US - v ,

WeR



fi
↓ d(viws = IIv-w/l for a no 11 .

11 on R2

2.
Discute metric :

d(v , w) 그

l ①, if
v = w

Does this netic come from a now ?

No
.

open ball
: Ifa is a metic on RRM ,

then an open
ball ofeadius 1 at the pt . AER is the set

Bla , e ) : = ( VGIRn :cav ) ce }
or Ba(1)

eg : 1.

d : Eudlican netic on IR?

Unit
open

ball at 1016) is unit circle

2. d : sup netric on 12
(네기 ) ( 1 い )

B(O, 1) is unit sq. ㅣ (0, 07

、

ㄴ

(- 1 - 1 > ( l , - 1



2. d : p-metric on R2 with p = 1
.

^

co "

.BLOs IS is \
(0, 0 )

'

(-13 o ) ( 170 )

_

(0 , - +

Open set in 1RM wit a particular nutrc

A subset U of IRV is said to be open wet a metric d on IRV,

if FaeU , 710 s . t BaleycU

: 1.

Consider IR wet usual dist . d(u,v) = In-vI .

Here U = (1 , 1) is an open set.

Infact , U = Boll)
.

2.

R wet usual metric.

U = -3 , -1)U(-1,1) is an open set.

2
.
Infact, every open subset of IR , in the usual metric

is at most a countable union of open intervals.



브 In
122 , the set Hs13X(-1) is open in the

Euclidean metric.

2.
The set U = GUER: Kull13 is open in IRL

wet sup hom

9 u = (,ySE12 , the well iff nig

n
I-nig

Choose & < 1-nyh, /

소 '

(ny )

ten Bu(1] [C '

6.
The Set CO, 1) is not open in R in the usual

metric .

forthe pt. Ot(0 , 1] , Al st Boles = (-1x1) [(0 , 1]

Negation :

Statement A : A property X is tree well

Negation of statement A : 7 not s.t property X

does not hold for No



Assume a metric d is defined on IRV

A set V of Rh is called to be closed set wet d

if IRVIV is open.

Remark : RRK is itself both open & closed.

: 1.

(a) b]CIR is a closed set.

IR((a , b] = (-x , a) U(h, 0)

2.
The set G(mm)E2 is closed in IR2 wet

Euclidean metric.

3. The set <(2 > 1/2, 1/22, 223)-IR" : n + 0) is closed

in 1R4



Thm : Any two norms on IRV are equivalent.

That is
, if 11 . 11 & 11

.

Il are name in IRh ,
then

7 a, B > O st allalkIall'< B1IzIl XWERRu

Pph : Let d & &' be maties on IR" given by norms.

Then a subset U of IR" is open in d iff it is open ind'

Pf : For a vec
.

UEIR& 130 , let Bu(L) devote the

open ball in metric d & let Bu(l) denote the

open ball in metric d'.

Suppose U is open
in IR" for the nutic d.

Then for each well
,

7930 et BullyCU .

Bu(1) = GUERV : dusus < 1)

If a is given by 11 . 11 , then

Bull ) = { UEIR
"

. lin-ulke }

If a is given by 11 . 11 , them by the prev. the,
1 '

7) x, B > O s. E X 1I2-ull < Ilm-ull < Blia-ull



Then Bile/PSEU for the pt well .

= LycIR" : Ily-ull's e/p)

If ye BulelB) , then 1l y
- ull < l/p

- Blly-ull'cr
-> lly-ulle

Twuo whenever Bu(k] [U , BuLeIp] @U &

conversely whenever BuEU , Bu(c1[U

This proves the proposition .

Inner product : An inner pood. on RRh is a synim,
bilinear , positive definite form on RV

It is a function
( 」 ) : 1R

“

XIR
“
→ IR st

1(x
, y) = (y(x) VayeRh

2
(xn+By , z) = c(x , z) + p(y , z) fuyy , zEIRh

2..
(x(2>>, 0 X HER" & (2 , x) = 0 iff n = 0 .



Bounded set in IR" : Assume that we have ametric

& on IR". Then a boundedsubset of IRh is a subset

A which is contained in some BoCe]
.

eg : 1.

(-1) is bounded in IR.

( - + ) ≤ B
.(2)

2. (S , 2029] is bounded
,

(S, 2029] = Bol2029 . 1)

Compact set : A subset V of Rh is called compact
if it is closedI bounded.

Equivalently , a subset V of R is compact if

any open cover of V has a finite subcover.

Open cover means that we have a coll of open sets

whose union contains the given set.

(Uxlaed ofopen sets s . t VEU Ua



A finite subcover means a finite subsect (4 , ...,In

for some n , of A st VE UpUUx · Wan

The equivalence of these two definitions of compact sets

is an imp . thm.

ef
: 1

(asb)CIR is compact

IRKaib) = (-0,as Ulbios is open
Hence (a) b] is closed.

Alro , Ca , b ] ≤ Bollaltibl t 1 )

2. Any finite set inIm is compact .

2. Q I is not compact as it is unbounded

2. Q1(9 , b) = (UEQ : a < (b) is not compact
as it is not closed.



Heine-Boul Thur

(a, b] -IR is compact by the finite subcover def".

pph : If VIIR" is compact by finite subcover def,

then it is compact by closeda bounded ppt.

PF : For any pt . V-V , we have an open
ball

Bo(lIVI1 + 1) that contains v .

Ther VE UEUBO( IIvI 1 + 1 )

This is an open cover of V.

Then, by the def".

V [Bo(IIVilI + 1) U ... U BollIvalI+] , for some

V , . . .,
Une V

I llV11 = mas IIVill ,
then VI Bo(llvIl +1)

kich

T'fore V is bounded.



Now , we prove that RIV
is open.

Let uEIR"IV.

For any veV
,

we can find two open ets Ur & U/

1t velle d welé & U1U = 0

This gives an open cover of VEU Un

then
, by def , VCUv

,
U ... U Urm

Check that corresponding U each contain u

얼

T for ut U

This is an open let containing & contained in IRMIV.



PpM : Let VER be closed and bounded. If lux] is an

open cover of V
,
ther there is a finite subcover of V

Pf : Since V is bounded
,
VIBols) for some 1.

But VER ,
so B0 (l ) = (- 9 > r

)

V [(-1)e)c(- (1+ 1) , 1+1]

Observe ,
V is closed ,

hence IRIV is open.

Call RRIV = U

Then
, \UEUEU3 is an open cover of

C- (1+1) , 1 + 1]

By def" , there is a finite subcover.

C - (1+ ),+1) Ua
,

U KazU ... Han UU

Then, V = Ua
,

U... UUan



Continuous far : Let UEIR" be open,

A fun f : U-RM is said to be cont . at wel if

for every eso
,
there is a S30 , s . t

IIu-ulkS => lIflus-finlkE VneU

This means that if A is an open subset of
m

containing flu) ,
then

f
"

(A ) = { nε U : F[n ) ε A }
is an open subset of

m

A fun f : U-1RM is said to be cont . If it is

cont at every well .



Re :

1..
The image of a closed set under a cont.

fr need not be closed.

2.
The image of a bud

.
subset under a cont. Fur

need not be bud.

2

. The image of a compact subset under a cont.

fun is compact.

g
: 上
π

.
: (RE→ /R ,

(n) y ) → n

The image of <(2/y)-IR2 : my
= 13

is (-8,03 U (0,%

2
Consider f : (0 , 1) -> IR

n rs l /m



Given any subset AIR"
,

we want to approximate it

by

1 open sets

&
closed sets.

However , arbitrary union of closed sets is not

necessarily closed.

Take all open sets in A & take their union.

This is the largest open set in A.

It is called the interior of A & is denoted by
intA or A.

Take all closed sets containing A & taker their

intersection. This is the smallest closed set containing A.

This is called the come of A t is devoted by A.

AEAEA

Exterior of A = Interior of RMA



The boundary of A is the set of all points in

that are not in A
.

These are pto - admitting sea.

both in A & IR"- A converging to them.

Let f : A- RM be a bound
- fr

(A ≤ IR
"

)

Let atA & S > O.

het M(f , a, S =

sup [f(m) : /In-allS , neA)
m (f, a, SS = inf (f(m) : lln-alkS , neA)

o(f, a) = eim 1/M(f , a, s) - m(f , a) S > ll
S-0

This is called the oscillation off at a

Note that the abovelim.
exists as M(fia , 5) - mcfia , S)

decreases as S decreases.



Pph : Let f : A- > Rm be bud. & aEA

(A ≤ (R
" >

Then f is out at a iff O(fia) = 0.

Pf : (E ) Assume that f is cont at a

So , VEXO , JSc0 ,
14-alks -> 11fi) - flaike

Then
, 1/M(f1a , S) -m(f , acS)1l < ZE

Indeed, for any two min2tBa(S)

(lf(2) - f(uc> 11 < 1lfSM1) - f(ail) + 11 f(x2) - f(a)1l
C 2ε

This inequality holds
, probably with equality sign

,

for the limits.

Thun as -0
,

I also goes to 0 & hence OCfa) = 0.

Ocfia) = line (IM(f , a , S)
- m(fia , Sill = 0

S+ p



(E Assume that Olfa) = 0 .

het0 be given.

Then 78>0 1.
t //M(fiacS)-mlf , a) S)/E

Since VI-als , mifia , S) < f(m) > M(faS),

-> 1f(x) - f(a)) = IM(facs)-m(f , a, 5) kE

AsE was arbitrary,lim fix
= fas



Derivative

Let UERV be an open set8 Let f : U-e1Rm be a far
We say that f is diff. at all if there is a

linear map > : R"- IRM st

eim 1Ifins -flas -3(x-a)ll = 0

usa

Iln-all

Recall that a fur f : (a) b) -IR is said to be diff
at Cf(9 ,b) iflime llfin)-fkill existo

lIu-ell

If this lim
.
exists ,

then it is a real no , denoted

by f(2).
Then the existence of abovelim is equiv to

lime 11 fins-f(2) -f'(>) (n-c/l being zeo
.

U→ C

Iln- ell

The set of linear maps T
: R-R are given by

T(1) EIR.



eg
1
het f : U-IRM be the constant map.

(UEIR
" )

f(U) =αEIRM OUEIR

To check if this f is diff. ,
we need to find

a linar a : /R"- IRM st lim 11fM)-flas-b(n-abll = 0
x- a

11 n - all

The CHS is
, lim 1K--a-alll = him 113-ail

n- a

IIn-all
27a

lix-all

The two map works for J ,
Fall

T'fore f is diff. at every pt
. in U.

2
m = n

, F : U → IRM= 1Rn

(UEIR
" )

u +> U

Then 3 = Id works

This fur is also diff



& .

Is the firs unique for a given pt . a ?

The : If f : U-RM is diff at ael
,
then there is a

(EIR
“

)

unique linear map I satisfying the def".

Pf : Assume that 3
, &32 are linear maps from IR" to IRm

satisfying the dif , for the given pt . atl. Then

lim 115 , (h)-3z(hS11 = eim II(flaih) -f(a)- 32(h3) - (f(ath)-fla)-a1(h)) II

h- 0
IIh/l

ho
IIbll

& lim IIf(ath)- f(a)-a2(h)1l + lim 1If(ath)- f(a)-3 ,(h) Il
ho aso

IIh/1 lvlbl

∅

Now
, for any vec

.
VERR"

, VO lim tv = 0'

tso

Then
, lim IIdi(tv)-azltvill = lin Idi(tv)-azltvill = 0

tso II에 tv+ 0 II에
tElR tvelRm

LHS = lim IItx,V)-tbz(vill = lim 1A1101/v)-S2(viIl = 0

ヒー 0 ltull
t30 IHX 1 Ull

Since
,

VO , IIVII*0 - 11x1)-b2VI/l = 0
,
then S, (v) = Xalv]



Using this the, we conclude that Df(a) = - is a well-defined

gty. This is called the derivative of f at a

Then : Let f : /" -> RM be diff. at activa let g
: /RM-IRP

be diff . at b = f(a) .

Then , got : MV-RP is diff. at a

& D(gof) (a) = Dg(f(a)) ·Dflas

1R
“

→ 112
m
→ IRP

Df(a) Dg (F(a) )

〜 ~

(mxn) (pXm)

Dg(f(a)) · Dflas : IR" - IRP
… 〜

(pxs (muxn)

Pf : Consider lim 11 (gof)(ath) -

(gof((a) - (Dg(f(a)) · Df(a) (h) /l
h- 0

IIhII

=lim (1g)f(ath)) - g(f(as) - (Dg(f(a)) · Dfla)) (h)ll - (*)

h+ 0

hEIR" IIhII

Since DfCaS is a linear map , FM > 0 st IIDH(a)(h)11 < M1fl



We also havelim 1/flath)-fla)-Dfasthill = 0

h- 0

IIhII

Let 4(h) = flath)-f(a)-Df(a)(h) , then we getlimll
and (* ) becomes

lime 11g(f(a) + &(a) +Df(a) (h)) -g(fla)) - Dg(f(a)) · (Df(a) (h)) /I
h- 0

lbll
li
ー

= lim (1g(f(a) + (4(h) + Df(a) (h>]) - gif(a))
h-0

- Dg(f(a))(Df(a)(e)) + Dg(f(a)) (4(h)) - Dgif(a))(4(h) > Il

11 bll

= lim (19(fla)+his - g(f(a)) -

Dgifia)) (h) + Pg(f(a))(4(2)/l
h-0

IIhIl

lin 1lg(f(a) +h) -g(f(a) - DgIf(a)) (h') Il

h- 0
IIhII

+ lim (IDg(f(a) (4(h) ( Il
h-0

millecail50 as heo

IIh1l exists as h- 0

= lim (1g(f(a) +h) -g(f(a) - Dgifla)) (h) 11
.

I'll
h- 0

It'll lhll

ー
0 if h'30 this holds if -0



Consider the projection map Pi : IRV-IR

Tilui , …,
n ) = ni

This map is diff at all pts .
aEIR? Further for any

activ then DTi(a) is the In matin (0, ..., ...,0
ith place

Dπi (a ) : IR
"
→ IR

(b, . .

., bu) ro bi

Pph : If f : /R-Rm is a linear nap then f is diff
at every a EIR" & Df(a) = f

Pf : Consider lim 1/f(ath)-flas- f(h))) = 0

hyo
IIhIl

Note : As a varies in1R" , the derivative Df does not vary.

Hence ,
the second drivative D(Df)(a) = 0

Df is a map which takes input from IN & leters an

elem. in HourJIRY, IRM) = mxn matrices.



pph : Let f : R"- Rm be given by f(u) = (film) , f2lm) ,
...

, fuiu))
& atIRh. The f is diff. at a iff each fi is diff. at a

Pf : For each is fi = Diof .
Hence if f is diff. at a

_

then by chain cule
, each fi is diff at a

Further ,Dfica ) =D(π iof )( a ) =Di ) ( fla 7) . Dfla )

= TiODf(ay

= ith row of mxn mation Df(a).

Consistency check : fi : /Rh-1R
,
hence

Dfila) should be a In mation.

Conversely , we assume that each fi is diff. at azirha

prove thatf is diff at a

Consider the linear map 6 : /RV - IRW , <(a) = (x1(9) ,
...

,Xm(a)]

for Gilas = Dfilas .

x(a) = (x 1 (a) ... Im(9)]T -> mxn matein



Now, we take the lim
,

lim lIf(ath) - f(a)-y(h)/l = lim ll(filaths,
...

, frulath) - (filas ,
.

..

, fru(a))
hso lbll

h+ 0
- (]i(a), ...,

Am(a >)/1

II h/l

= lim 11 (flath)- filas ->1(a) 1 ...

> frucah) - fin(a) -am(a)) Il
h+ 0

1Iall

≤ "
i

'

mhso1 I Ficath) - fila ) - aila) ll = 0

Ihll

Consider the inclusions Sj : -IR*

の → ( O ) -
… …
α )

… 、 0 )

↑
This map is linear , hence diff. jth place
at each KEIR , for each j.

The derivative is the uX1 mation
. 10... 1 ...

07T

Pp" : Let f:IRV-1RM is diff- at atIR? Let a = la , ..., an)

Consider the map fj : RER"
,

a re (a, ...,apdaj ..., an) .

Then for each Kism & Kon ,
the map Piofogy is diff

at aj & D(ofogj)(aj) = Dii(fla)) · Df(a) · Djj(aj)
~ 〜

DPi(flyjlajis] Df(fj(aj)]



Note that . Pofogj is from IR to IR .

Indeed Dii(f(a)) · Df(a) · Dgjlaj) is a IX1 matrix.

_ ー

lXm mxn nXl

Cor : Iff is diff. at a = Ca, ..., an) ,
ther for every

is j) Piofogj are diff. at each aj.

These are nothing but the partial derivatives Of

rnj

Check whether

fM) =

10<M = plg in reduced from

&

fins = -ustMyr, Cosy ) + 10,0

l
·, (usy ) = 1030

has partial derivatives & whether it is diff. at (0 , 0)



Thm : Let f : /"-&" be a fun & let a = (a, . . . ., anEIRM

Then if all Cfiloxi exist at a & all an cont.
at aj,

the f is diff. at a

Such Diofofj are called continuously differentiable.

Pf : It is sufficient to prove that eachof is diff at a

We therefore assume that m = 1.

We have thatCf/02j exist & is cont . diff-at aj for

each j.

Def . a matiae
, j = (8f/0uj]xm

=

(棧 (a )、 …露]

Considers lime 11f(ath)-f(a)-a(h)/1 & ht h = Ch, · .

., hm)

aso IIhII

=> lime 11 flaith,, ..., authu) - flai ...,an)-Ecapl
h+ 0

IIhIl



Note that, flath)-f(a) = flaithl ... , anthu)

- flaith, ..., an-1 +hn) an)

t flaith , . , anethn- , , an )

:

+ flaith , az , ..., an)-flay , an .., any

By MIT in one dimensions we get that for each j
7 ↓je (aj , aj +hj) st

flaithi , ..., Ajthj < AjH ) ..., an)-f(athi , ..., aj , ..., an) =

Of (j) · hj
anj

Then
, him 11f(ath) - f(a)-4th)//

aso
11bll

=

lima
> o

11 夺靠
(αj > hj- 李靠 ( aj)- hy11

1 lall

lim ↳ lj(j)- (aj)
· I

h- 0

11 hll

* line [of (xj) - of (aj) 1. Ihj//IIhll < 1]
heo i zaj 2xj

As heo ,
each hi -0 & have <j-aj

Since each 2f/7j is cont . at aj , we getlimiflat-flas-yill-1bll

Hence , f is diff. at a & Df(a) = >



Recall : If f : (a) b) - IR is cont. diff - ou (a, b) . If E decarb

st f(x) #0 . Then 7 a ubd (akbi) =lasb) of a st f'doe

not vanish on (asbi) .

The f is one-one on lasbis & hence invertible.

We them have thatft is diff at a & D(f)) = 1

Df(a )

hem : Let AER" be aectangle · Let f : A - 1R" be

cont.

diff. If there is M30 st Ofi < M on A
, then

ony

11 f(x)-fly> 11 < nM/Ix-y11 for MYEA .

Pf : Consider film)
- fily) = files ...,un) - fily ..., yu)

= film , .., un-pan) -

filmy ....., un yu)

tfilay , . ., mn-esyu ) -filus . ,You ,yu

:

↑ filziyes ... , yn) - fily ye ..., yn)

=> films-filys = (un-yn) Ofi (zn) + . . . + (x ,
-

y , >8fi(Ei] , EnE(Yur)
zan ②ท VIKEM



Therfilel-fily ) | ≤ (uj-yj 1

-ofi(tj ) s ěmj
-

yj1 M

2xj =1

-
> MIlke-yll = nM11x-yll
j

l 1fen ) - f( Y )11 ≤ Σ IFin ' -

Fily ) l ≤ ncMllu- yll

Than : (Inverse far thm)
Let f : IR"-R" be cont- diff .

at atR"
.
Assume that

detDf(a) #0 . Then there are open
sets V containing a

W containing f(a) St f : V - W is one-one & outo and

7 cout. fan g
: W+ VER"with fog = Idw

, gof = Idv

ㅢ
Further g is diff. at fla) with Dg(f(a)) = (Df(a))·

Pf :

Step 1 : Let 3 = Dfa) . We have that I is invertible.

Conside the fun h = >of

Daca )

== gd

λ

Moreover , if we prove the recult for 5of , then the result

for f will follow



We therefor work with the special case that Dfla) = Id.

We have lime 11f(ath)-f(a)-hll = 0

he0
IIhIl

If we chooseE= 1
,

750 st for Ih/kS ,

1)l flath) - f(a) -hll < 1

11bll

Tfore for 11/kS , fath) is never equal to flas.

(unless h =0

We then have a rect.. A , containing a st inside Al

fen ) = fla ) only if n = a .

Further , Dflas is invertible , in detDf(a) + 0 & since

Df is to at a , we get that there is a let. As

containing a s.t Of is inv. for way xeAz.

finally , using continuity of the partial durivatives
, we

get aret. As containing a s .
7

OfiM-Utilaltheㅣ
for x As



Wlog , A ,
= Al= As = A

We have a rect. A containing a st

1 f(x) fla) for ueA ,
n + a

2. Df(a)
is invectible for neA

2. lOficn -Eficac( fore Tis

Consider the fut g(x) = f(x)-x

-( )
-siil

会
も utA

Then by the per lemma,

11f(x) -x - f(y) + y /l
< 112-y/) for uyeA

Further , 112-y1l-11fMM) -f(y)11 < 1l (fiml-fly)) - (n-y > /l

c 11lx - y/l
2

-> 1I2-y/1 < 211fiu) - fly)1l VnyeA .

This proves them f is one-one on A.



Now consider the bir of A
. This is compact , aEDA,

then f(a) ef(DA)

The ,
the dist. of f(a) from FLOA) ,

S
, is positive.

Def . W = Bfcas (/2)

Def . V = f(W) 1A ,
so V is an open subset inside A

~

pee oten
containing a. The fun f : V + W is one-one & outo.

Thus f" : W-V exists .

The inequality abone says that 11fIwi) - fiwzill < 21lw-well

Thus w e Wa forces fi(wl) -+ fi(Nz).

Hence It is its.

fix NEW & let v = fN)EV .

Since f is diff- at v ,
we get

lime 11f(vth)-fivs-M .All = 0 for M
= Df(V) .

h+ 0 IIhII

We want to prove that D"f(W) = pet



Considen lim 11 Fin+k) - fiw) - Mk/l
K→ O

llkll

consider X(k) = f"(N +k) - f"(N) - M(k)

& c(a) = f(v+h) - flvs-pCh)

We have lim 114th)11 = 0 .

h+0

1bll

We want to prove thatlim IIX(kill = 0

4 +0
1lkII

lime /IX(KIII = lime IIfsw+k) - f(w) -picks 1l
. 11f[w+ k) - fiwill

eso
1 Ikll K→ o

1lf"(N+ K) - f-"IWill l 1 kl 1

eine 110th-v-MCKill) (tim If(wtm)-fil , y=

(a-
1IV +h-vll llell

-

lima11
h-µcu) "a)µ器

11f(vfiw) )

K = (Wth ) - w f K =µ( f(wte ) - f (w ) - x(U ) )

h = (V +h) - v & h =

p
+

(f(v+h) - f(v) - G(h))



->> Fix atW . IIw-f(a)1) < IIw-flyi/1 X yECA

Consider the fail

h(m) = NIN-fInR OneA

=

忌
"(wi -fim ) )

水

This is diff

Since A is compact , it attains a minimum value on A.

That is
,
JHoEA It Alro) is the min value on A.

Then at no , l(40) = 0 which means that for every j.

= 2(Wi-filmo) Ofi(40) = 0

여
auj

This give a matrix multiph

( zCwi - filtm ‰
o

)Juxn
=
CO
.… . OJixn(



Since

(Ofi)]
is invertible , we get wi-filo =o

→ w = f (no )

Infact, noEV

Hencef is onto.

Now ( 1kx-yll = 211f(n)
- fly(/1 Vn, yeV

This can be rewritten as 11f"(N1) - fwzill : 211W,-well two new

Thus , f is cto.

Let NEW be find& let v = fluieV
Since f is diff. at v

,
we get for p

= Dfi),

f(V+h) - f(V)-ph = &(2) has the property that

114(h)11 -0 as h+ 0

IIhIl

This is equivalent to w+k-w = x(f(w+2) - fi(w) - 4(fwth) - Fins



Further, (w+k) -w) - (fiw+h) -fins] = M
* c (f+h) - F(w)

We def . X by X(K) = f(w+ h) - f(w) - Mik =

M
+

&(f(w+k) - F'(w))
We want to show /NX(k)11 -0 as k+ 0

lIell

Consider line 1Iu"C (F'(w + k) - f'CW >S/l
k + 0

Ilall

The limit is zuo if lime 114(FW + k) - F(w) /l = 0

k + 0

Ilkll

Here, lime 1142f"(W+K) - fYw) > /l
k- 0

11n + k -wll

= eine 1142f(W+) - fYW) > /1
· Ilf(w+R] - -Will

kso Ilf"(N+ k) - f((w)ll 1) (w +k) -wll

_ _

d bounded

ㅇ

Hence , lim 114(F'(m+ k) - fi(w)) ll = 0

k-0

lkll

⇒ µ
"

= Df(w )



Implicit for them : het f : /REXR
*

- IM be tely diff.
at (as b)ERYXIRM with flasb)

= 0. If the determinant

det ( Ofi (a,b)) 0 ,
then I an open

subset A of 12

nn+
y containing a an open subset B of

m

containing b & a unique fig : A + B st

f(u , g(n1) = 0 V UEA . Further g
is diff.

Pf :Def . F :IR" xIRm sIR" x1RMbyP(my )
= (n ) f(n ,y) )

ー
〜

Then det (DF(acb) =

det)Ofi(a ,

b) (h) ... , hm) (f) ... , fr]
On+j

Dfla , b ) = shiznj 'na

2xu+j
^

=( 簿”1 Ofi Ofi 1 1
anj Oun+j

=> det(DFlacb) =

detofilab)
We can apply the inverse fir them.

There is an open V of IRYXIRM containing (9 s b) & an open

W inside IXIRM containing (a, 0) & a diff. G : W-V It

FrG = Idw , Gof = Idv.



Take a basic open set in V containing (9) b) namely , AXB ,

where A is subset of I containing a & B is an

open
subsect

of IRM containing b.

F : (AXB) -> FLAXB) CW

= G '(AXB )

F : AXB - We

σ

Glwi

Note that Gluv) = (U) glusus]

Fluy) = (m/fluys) ,
Flash) = 19s0)

G(u,v) = (u, g(uju)) (a , O ) EWi

fog(u)v) = F(u , g(u,v)) = (u) f(u , q(u,v)) = (u, V)

-

> We have written v as a fur of f & g on a ubd of 0.

If V= 0 , then we get flus g(u,0))
= 0

Hence,
in a need of as we found a

g : A + B et f(x , g(a)) = 0

arsb



e@
: f : IRXIR → 1R

(okiy) ms y
-2

(asb ) = ( 1 , 1 )

F : /RXIR-IRXIR ,
(n )y ) ∞ (n, y

-n )

나 √

deto=
o o(

N = y-21
⇒
거때

u = x y
= vtu

a

(u, v +u) = (u, u)

Putting v = 0
, we get (usu)·

So
, we have solved for y in terme of x.



turn : Let pen & let f : /"-RP be esly diff. at a ERY

with flas = 0. If Df(a) has lank p ,
then there is

an open set A in IRL containing a & a diff . h : A + 1

st fohli ..., mm) = (Un-pH) ..., Mn)

Pf : Consider F : MEPXIR*
-> PR

*PXIRY

F(a) ...

, 2n) = (H , ,
. . ., Xn-p , f(ml , ..., un)]
ー

y1s ..., yu

Drca ..., an) =

Im-pexcr,eas
..bampm)(

Assume that the last p columns of Pfa) are linearly indep

Then DF(a) is also invible.

Using inverse frm them , we get G : W - V diff. for

W an open subset ofIR" 음 않.

containing F(a) = b
,

V an open subset of IR" containing
a st Gly, ..., yu) = (yx) ... , Ymp , k(yy ..., yul)

Then fogly, , ..., yn) = f(yx . -

.,Yn-

p , k(yx ..., yu)]
= (yn-p+1) ..., yn)



Now, the last p cols. of Df(a) may not be linearly indep

Let kjjec ... jpen be st the p ..., jp cols. are

linearly indep

Then apply a permutations 0 : MV-1"that takes the je-th
col. to In +p +1) - th col.

This reduces to the case done alsove.



Integration
Let A = (a< bi]X ... X(anybu) be a closed rect

.
In IRM &

consider a fur f : A-R which is bounded.

A partition of A will be a set of sub-rectangles whose union

is A .

If P is a partition of A , them for eachrbrectangle S in P

mf(
S ) = inf { fen ) : nes

{My(s) = up (f(x) : res

The volume of S is the product of length of all its sides.

~ ((di)X ... x (usdn))= -di

We define , LCfP) =EmSSUS) ,
the lowe em of

f at p

UIfiP)=[Mf(S)-VCS) , the upper mumof

f at p

Clearly , ((f , P) <U(fiPY



Lem : If P is a refinement of P
,
then

((f , P) = ((fip') & Ulfi Pic, UIfiPY

iiiPf : For each SEP1, mys) > mps) where Sesep

Then ((f, P') > h(f, P)

Sim
,

we can show UlfIP's < U(fIP >

Lem : If P, O are partitions of A.

Then ((fPS-U(fib)

Pf : Take the partition P1B .
This refines the partitions

P & g.

Tree , ((fip) < ((f) P1B)[UCfIPNg] < UCf , g)



Let A be a rectangle in IRM & F : A-IR be a fair,

assume thatf is bounded.

Take a partition P of A by subectangles. For each SEP
,

obtain ms(f) = inf(fin) : mes3
, Ms(f) = suphf(x) : nes]

We frm hSf> P) = [ms(f)U(S) , UCfiP) =

sEMsif) vIS) .

We say thatf is integrable if

sup (1f) PS = inf ULfiB]
P φ

& this common value is defined to be the integral of f
over A

.

It is written as Saf

q
" s

het A = Co , D
"

E IRn
.

Consider f : A -+ R
, f(ll = 2026 V NEA.

It is clear that for any partition P of A & for any

subrectangle Sep , ms(f) = 2026 & Ms(f) = 2026.

Than ((f , P) = 2026 & UCfIPS = 2026 .

Hence Cup (Cf, P) = 2026 = inf UlfiP) .

Thusfisintible & Jaf = 2026



I Let A = 1031)YEAR Y & def. HP = =101 if # h
-

Take a partition P of A & choose SEP
.

Then FRES with

f(x) = 0 & yes with fly) = 1
. Then ms(f) = 0 & Msif) = 1

.

Then L(f , P) = [ms(f) . v(S) = [0 . v(S) = 0

Sep Sep

(U F, P ) = ‰ Ms(f ) vCS ) = Ʃ 1 v(s ) =
1

Sep

Two suphifiP) = 0 & inf UCfiPS
= /

Hence ,
the fun f is not intible

Ex : Consider A = CO<1] XC0 , 1]
.

Def

{
이 nfQ

finys = 0 , u = R
, y *R

116, MER, yeR, y-alb in it

lowest form

A .
For any partition

P of A & any SEP
, ms(f) = 0

_

& hence ((f, P) = 0.



To show thatf is intible
,

we need to show that

inf UCf, P) = 0

Note that for any partition P
, UCP, f) > O.

We will show that for any >O , 7 a partition Pe of A

st UlfiPe) <E

There are finitely many subrectangles in any partition st Ms(f) to

for any chosen n.

LetEO be fixed.

Choose N s . t < #12. For subjectangles S in any partition P

wit Ms(f) -/N ,
the sum of Ms(f) . vs(S] will be <Ell

The other possible values of Ms(f) am [1 1/2 , 113 ...., /N-3 ,

so we need to wovy alt the horizontal lines
y

= jli with

I/i > /IN-1 ·

Assume that the no of these lines is m.

Choose subintevals on x = 0
, the y-anis , containing the pts.

(O) j/i] with isN-1
,

et the sure of heir lengths is <E12.



This gives a partition of A in the following way :

Take the subrctangle formed by the above subs-intuvals with

the full horizontal live
.
Take the closures of connected

components of the remaining part as the other subrectangles.

call this as subset P2
. Then P, UP2 is the partition

…

MSLT)Sat, MSIGT <ERR

UCF , P ) = E MS(H - UCS ) t [ Ms (f ) UCS )

Sep, SEPu

[ Ms(f) U(S] < [H12 . vIS) = el2 [vIS) < @l2 . 1 = el2

SEPu SEPL SEPh

[Ms(f) . v(S)
<E1

: VIS)

=E(length of the y-partofSep,

< E1로

Thus , UCF , PE ) = IT 盐 CEIR
+ER =E



If we fin a yea & consider g
: (0 < 1 + IR : g(n) = f(x,y) ,

theo is not int'ble

We have gi) =

10 ,
wa

NEQ

This fut is not intible since (19 , P) = 0 & Ug , PT = 19

Consider h : 1011X(011] -M > hinsy)
=0C if MERMYall{

Is this fur int bla ? in lowest form

Note that for each horizontal or vertical slice ,
h restricted

to the slice is int'ble .

the frm h is int'ble &Sh=

2

Rem : Def . &A : CO11 -IR where AECO) 1 is dense subset st COCI]\A

is also dense.

Then Xa(2) =

0 , U&A is not int"ble

{ |
,

UEA

L(XA , P) = 0 & U(XA > P) = 1



Take a partition P of 10.1? For any Sep ,
S1(IIRIQXCIRIA)) + 0

Than Ms (h) = 0· Hence (Ch , P) = 0 & Sup
(h, P) = 0

To show h is intible , we want to show that infUlh , P) = 0

For any -O , we construct at partition Pe of Co , 12 et UChiPe) < t-

Consider A ,
= [(Plq > alb) QXQ : 119

: 116 < #12]

& Ac = h(p1q > alb) = QhXQ : 11g . 1lb x #12]
= h(p1q > alb) = QXQ : gb-2/t]

Ther As is a finite set for each pt . in Az ,
construct a

uct. around it of size EK2 . /m where m = 1A2

These are finitely many subject in Co, 17X(0 , 1).

We can adjust theseret further , st the intersection of any

two is not again a subject. This can be done because we

have a finite set.

For the remaining part of 10 , 1XC0 , 1)
, just take any

let.

that are needed to fill the part.



Take the first non-zero pt . in the n-axis which is the projection

of some subject. covering a pt - of A2 . After that ,
take the

second pt. & so on ...

These give you vatical slices. Then work as in the pur. problem.

This gives us a partition PC where UChiPE) = [MgCl) · v(S)

SEPE

If Sc is the set of subject. Covering A2 & S , is the set

of remaining subject. Ther,

[ Ms(h) . v(S] < e [vIS] < t/2
SESI [ sest

[ Ms(G) · v(S] = 1. [ vIS) < El2
SESz SESL

ull, Pe ) = [ Ms (h ) v( S ) + s.Ms( h)- U( s )

SESI

C E2 + E2 =ε

Let Af(011]X(0) 1] be a countably infinite & def f on

10, 1S X 10 , 1) St f(x) = 0 if UKA & lim fin) = 0 for MEA.

Prove thatf is int ble

&S
= 0



Def" : Let ACIV .

We say that A has measure O if for EO,

there are closed rect. VISIR" covering A st [v(Vi) < E

Examples :

↓ Any finite set has measure 0
. If the set is Lax ..., ar/EIR

them cover each (ai] , ai = (ai 1 aiz , ..., air) by

Tj
= [aij -S , aij +S) ,

the vol
. of each such closed ret- being

less" , we can choose so et r . (25e] E

2
.
Infact , a countably infinite set also has measure 0.



Lem : Let AlxAz , ...
be contably infinite coll of sets of

measur O
.
Then A =

UAi also has measure 0.

Of : For any >O , choose a cover for Ai by closed uct. . Vij
s .

t [v(Vij)
< E/2i .

Then (Vijlig is a cover of A withNij) < [ei = -

Def" : Let AIR" .
We say A has content 0 if fr EO,

there are closed rect . Al ..., An Covering A s .
t [v(Ai)

< -

Lem : The set [asbJERR does not have content 0.

Pf : We prove that for any finite coll of intervals (ti
,
ti],

_

covering (a , b) , we should be ICE- ti) > b - a i= 1 , 2) … w

Weog , (ticti] [(a, b)

but a = 1 </ ... <le = b be all the endpts of the intervals

[tisti]
.



Then (1is 1H] has to be a subset of Ctixti

Thus for each subinteval (titis covering Casb) , titi = [ (in-ei)

[i,1in) < (ti) ti]

Further [ti-tiElin-li = b -a > 0 inc a b

Lem : If A is compact & has measure O ,
ther it has content 0.

Pf : If A has measure 0 , the AUUit with [VIie)(e

Since A is compact , the cover (list] has finite subcover

EUice , ..., Cine] . Then A has content 0.

Cor : The set Cas b] does not have measure 0.

Content 0 => MeasureO

Compact & Measure O -> Content O

Rem : The analysis above can also be done in turns of

open rectangles · Closedrct are not necessary.



Recall Off, 2)
.

We have a bird fur f : A-R

≤ IRu
Let nEA. define

M(f.S) = euphfly) : yea , lly-sell S]
m ( f , δ ) = inf [ fcy ) : goa , 1 ly

-nl < 8 }

。
(

MCf ,8 ) - m(f, 87 ) = O ( fin )

Lim : Let ALIRV be a closed let . & F : A-R be a bind fur st

Off , a) < E FaeA for a fixed E > 0 . Then F partition P of A s . E

U(f , P) - L(f , P] < E . USA]

: Fin ueA . Since OLfIR] < E ,
7 S-ubd of a st

M(fcS) -m(f 6 > <E

This means that in the subd of u ,
the epflys & inffly

are at dist. . <E .
Then there is an open

act containing Un

containing se

etm fly)-inf fly
-

YeUn

similarly , we can find a closed rectangle Un etneVnEUm

Since A is compact , we have a finite cover Un ..., Unu of A.



Choose a partition P st each SCP is contained in some Uni

Their Ms(f)-ms(f) < E for each subrectangle S of P.

Hence , UCfIP)-L(fiP) = Ms(f) -ms(f) < E v(A) .



The : Let A be a closed rect, f : A-R be bind & let

D = EXA : f is not its at a) .

Then f is intible iff

B has measur 0.

Pf : Let us suppose that I has measure 0.

I we define Be = LUEA : Ocfiuse3 for + > 0
.

Tem BE B & hunce Be has measur 0 .

Then Be is compact

& hunce it has content 0.

Hence , Be has a finite cover by closedrct. U .... Un s . t

[v(Ui) < E.

Construct a partition P st every
Sep either has empty

interection with Be or is contained in one of the Ui.

For this partition P
, M(fS)-m(fS) < IM where M =

Mp fix)
UEA

for each Sep

For each SEP with S1Be = 0
) M(fS)-mifS]ce & then

one can refine the partition P to obtain D' s . t USfiP - LIfiPY < Ev(S)

on S.

For the remaining subrectangles (M(f)S)-m(fiS)) v(S) < 2 M · WIS



For each SeP' with SMBeFO > [VIS][[UMi) < E

Then U(fiP1) - ((fs P1) = [ (MIGS)-m(f , S() VIS) + [ (MIGS) - m(f , S() VIS]

SMBE = O S1B
,
+ 8

< E. v(A) + 2M .f = (U(A) + 2M) E

Since this can we done for every E0 , f is intible.

conversely , we assume thatf is intible. If we define Be as

above , then B = B , UByzUBi ... UBIn-

It suffice to show each Bin has measure O.

Let >O be fixed & choose a partition P of A with

UCfsP) -L(fiP) < E/m

Let O be the subset of p of subject .
S with S1BI FO·

Then O is a cover of Bin.

For each SEP
, M(f1S)-m(f)S) Im

Then

↓[vIS)
- [(MIf , S)-mIfS)) usS

Sep

= [ (M(f , S) -m(fcS)) vISS

sep

= u(fiP) -L(f, P > Ceu

-> [VIS] <E
.

Sep



Since e is aubitealy , Bin has measur 0.

Defh : Let I be a kind subset of IR" , CIA & let f : A-R
(rectangle

be bind
. The If = If - X-

where Xc is the characteristic

C

fur of C ,
wherever /f. X makes sense

Note : Xc : MV- 1
, Xc(m) =

11,nehe

Recall , for CER" , the interior of C is the largest open subset of C

Further
,
the interior of IRVIC is called the enterior of C.

Finally ,
IR"= C'LISIRIC)" 182 ,

where O2 is the bley of C
.

Ppm : Let CIR2 be bud. The characteristic fair XC is int'ble

on any rect containing C iff &G has measure ze

Pf : If neCo
, ther there is an open

ret . U containing n

inside C
. T'fore ,

there is an open
rect - I containing x s .

t

Xc 1
.

Then Xa is to . at x .



Sim · for 2 in the exterior of C
, XC=O in an open let

containing x , hence XC is its at x .

Thus , all pets .

VERY where XC is not its an pts. in &C.

Further if YEAC , then every open set containing y has

zeCo & We(RYC)"
·

Hence , XC is not its at
y

Hence ,
OC = CKEI" : Xc is not de at x] .

The proof then follows .

Let AEIRY ,
BEIRM & let f : AXB- 1R be a bind fur

For HEA , let go denote the fur on B , gulys = flucy)

The supermum of lower sime & infinum of upper rums always

exist for gm . We define L/gx to be the sup of lower suo

& Uga to be the inf of upper sum.o

These are called the lower & upper integrals of the given

far on the given sets.



Then : (Fubini)

Let AIRY , BERM be closed ret. & F : AXB-IR be intble .

For REA
, we define go as above . Then if ((x) = 1 go{

& ums =

YSgn ,
we have that ((x) & UM) are intible on A

Further ((> = (UM=
A

Note : Fubini's the only says that once f is intible on AXB,

*
B

+ is equal to / /S fincy dy) an-

These are called iterated integrals.

Pf : Let PA 1 Pis be partitious of A & B usp

This gives a partition of AXB denoted by PAXB-

Each SEPAX is of the form SaXSy Where SEPA) SBEPp

Fix xCA & let ne SEPA .

For any SpEPB

Note that go
is defined on B

,
so on Sp & f is defined on SaxSp

urfsaxe) Urguss) for any Sp
〜

f(623 XSB]



2() = lime [mgns) · r(Si)

PB SpEPB

For the partition PAXB ,

LCf ,xB )

=PA
MfCSAXSB ) U(SA XSB )

SBEPB

=I (t use VS) US

-
> [ ([mgnIsp) · VJSD)) vISA)

SAEPA SBEPB

- [ (h(gncPDS) v(Sa]
SAEPA

->E (LSL) US

= LlUn PA )

So, L(f > PaxR] < LILmsPAS = UCUriPA) <ULf) PAXi]



Let A be a rect in IPh & F : A - 1 be a bounded fun

For any partition t of A , we form h(f>P) & U(f > P)

L(fiP) = [ms2f)vCSS , ULPf) = [Ms(f)U(s) ·

SEP SEP

We know that for any two partitious P & & , ((f)P] < ULfIB).

Tfor suph(f> P) & infU(f > P) exist.

P

We call supL(f > PS as the lower integral of f on A
,

denote

P

it by 2/f · Simc. infU(fiP) is called the upper integral
^ P

of for A & it is devoted by Ult

2(f)0) -
> LSt < USfUL) for any two partitions

het ASIR" ,
BERM & 25 f : AXB-1R be a bind fun

LetIn be a partition of A & Pp be a partition of B.

The PAXPp is a partition of AXB. Each element of PAXP is of

the four SaXSis when SaEPA , SpEPB

Now , forNEA , define In : B - R by guly) = flucy) ·

Then we define <(2) = 1/gn , UI) = USgi



Fubini's them : Let the not's be as above Further assume that

f is intble our AXB . Then both ↓ & U are intible on A

&12 =SU =St

sf %
(

皆 gu)名 「情背( 皆gu )

Pf : Suppose UESA ,
them Msaxself) < Msplgn) for any SpEPp-

ThenI Msaxsp(f) VIS) [mpgn)VS = LgnPL
SBEPB

Futher
,Insaxsp(t)

. V(SB) [msq(h)

( yxsp( f)
- v( sp)) V ( SA)

≤ a µ sa(h
)v(SA ) = ((x , Pa )

_

we get L(f)PAXB) <(12> PA)

& UCL , PA)

= U(U, Pa) = UCfs PAXB]

snn ε PAxyMsaxsp (f )
O (SAxSp ) = [( F , PAxB )

Since sup ((f > Paxis) = inf UlfePaxis) , we get sup((fiPa) = infU(X> PA



Then L is intble on A & C

=S

A similar argument shows that IU =x
In fact, we have a similar result

St =()L) kuy) dn) dy
= J (U) fluy dyy io

' bxconn
( -

Yuy'
san

)

ay

= {
(

,
.

「
bxconn (

a -

Yuy,s ay )
dn =

{

What is going wrong her ?

The fur is unbounded (blows up as (n(y) - 10107

Can we modify the behaviour of f on a set of measure O

to get integrability ? No , since the values of ituated integrals

are different.



Recall , for any bind subset C in IRh & a bind fur f : C-1R,

we defined St = /f.X Where CCA rect . Of is defined
A

on ALC in
any way ifIf - Xc makes sense.

/I exists iff O2 has measure 0.

C

This value is called the n-dimensional vol of C.

= b-a if lab) is considered as adim object an

butI
= 0 if lab) is treated as a n-dim object fo a



Partition of Unity

Recall : 1
. If C is a compact subset of M & U is an

open subset of IRV with CEU , then 7 a compact D with

CED
°

CD = U

2. If A is compact subject of R & ACUI open
in IR"

, then

7 a C An - defined on some open
subset containing A

which is positive on A & vanishes outside a closed subset

contained in U

Given any f : /" -IR , supp(f) = [HEIRU : fil) # O I

The second ppt can be strengthened by getting the firf

to be constant 1 on A.



than : Let AEI? Then there is a coll . E of real-valued Co-fo

defined on some open subset containingA st.

1 . UxEA , O ≤ 1Qxl ≤ 1 E φEL

2.

VXEA , 7 open
set Us containing x It only finitely

many DEC are non-zero on Un

3.
VHEA

,
I φ(U ) = L

.

φE Ψ

4. If O is an

open cover of A , then I can be chosen st

for every UEI , supp(4) is contained in some HEO

The family I ,
with the first 3 ppts - above , is called a partition

of unity on A . Further ,
with the 4th ppt ., one says

that

the partition of unity is asubordinate to the open cover o

of : Case 1 : A is compact . Then O has a finite subcover

[( U2, ..., Un] for A . We will construct a partition of unity

on A subordinate to this subcover.

Define C = Al(UU ... UUn)
.

This is a compact subset of A.

Infact CCU.



There exists a compact D,
et GEDIGDICU

Observe , GDP , U2, ..., Un3 is also an open cover of A.

Now, define C = Al(D:WUz .. WUn)
.

This is a compact subset of He

We get a compact D2 with CEDIED2 = H2.

Continuing this way , we get compact subsets DK .... Du St

(D, .
. ., Dn] is an open cover of A with DiEUi.

Given a Di , there is a 2 frm Pi defined on some open
set

containing Di with supp(4i)[Ui & T: positive on Di.

There is an open subset U containingA st

N, (2) +42(k) +... + Nn() > 0 on U
.

Now , define Di(z) on U by Pi(k) = Nils)

Now , (4i(K)/21 UxeU . 4icn) t . … + 4uln )

If f is a far which is 1 on A & supp(f)[U.

Then If · Y, , . .

., f On) is required partition of unity on A

subordinate to the cover GD, , ..., Dr3 ,
hence subordinate to

(U , ,
. . ., Un] .



Case 2 : A = A , UAzU ...
where each At is a compact subset of Ail

Consider the open cover O of A .
Fix an i.

in each UEO , consider UM (AilA : 2) .

This gives an open cover of A Aiz ,
in particular ,

we get an

open cover O of Ai Ai , which is a compact subset of A.

The previous case says that we have a partition of unity on

AilAi, subordinate to Oi

Now , if REL is in At ,
then the fis consisting of the

constructed partition of unity on Aity vanish on x.

Thus , taking the union of these partitions of unity gives us

the required partition of unity on A.

Case 3 : A is open

Define Ai = [MeIRV : /Ei , dixcOAS + 1
Note,

each At is closed& bounded subset of IRh , hunce it is

a compact bet of IRh
·

Further AiAixi

1lnll > i = 1ln1) (i + 1 & dIn , OA) 1- > dImOA) > if

Ai E { nGIRn . linlkit , d(n , oA ) ' t } ≤ Aiti
opus

,



⇒ Ai ≤ Aio

Use case 2.

Case 4 : General A

Let O be an open cover of A & define U = UU .
UEO

Previous case give a partition of unity for 1 subordinate to 0.

It follows that it is also a partition of unity for A ubordinate

to 0.

We say that an open cover O of an open at H is

· admissible if each number of O is a subset of U.

Rem :

1

.
Let UER" , f : U-R is bounded & assume that the set

of doebounded off has measure ze . Then we know If either

We also have that /4 · /f) exists for each Ce , a partition of

unity for U subordinate to an admissible open cover O of U

2. We say that If exists (in the genera sense) if [SCIfl exito

φ EΨ

The above discussion says that when the set of discontinuities of

I has measure zwo , If exists in the general sense



2. When It exists in the geneed sense , themTt/ exists

This mant that theSerieElf couv- absolutelyo and hence,

is itself couv.

I T existence ofIf
in the general sever does not depend

on the choice of I or on the admissible open cover O.

Note : 1.
Spirak considere a partition of unity to always have

compact support.

More precisely , everyYEE has a compact set Ge outside

of which I is zuo.

It is always possible to get such a partition of unity

2

.IfCisacompact
set

,
ter only finitelymeans

het AERW & let f : A- R be a fun that is locally bind.

That is
, for any NEA

,
I am open

Use Sitt is kind on Us.

Now ,
assume that the set of discontinuities of f has

measure zero. Then for each YEE , /4 . If exists.

A












