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Complex Analysis



Defining complex nos. (

start with the complex field IR.

Consider IRXIR & define + & on RRXIB .

(a, b ) t Co , d ) = (atb ,
cta )

(a, b) · (c d) = (ac - bd , ad +b2)

C -= LIRXIR ,
t , )

Check : Commutativity :
z +w = w + z

E - W = W . E

Associativity : (E1 +E2 ) + t3
= G + (E2+t3 )

(Z- Z2 ) . E3 = Z( CEE3 )

Distributivity :
EI (ErtZ3 ) = GEを +氏3

Additive identity : (0 ,0

Multiplicative identity : (1) 0 (



Embed IRCC

r → (e , 0 )

and we define , i= (o , 1 )

(o ' 1 ) ( o, 1 ) = 50. 0 - 11
, o 1 t 1 - o )

= (- 1 ) 0 )

So, i
2

=
- 1

Weite (as b) = atib
,
aber

(a+ ib)(a - ib) = az+b2

If = a +ib > 4.

Def . E = A- ib & IER= E . E

1 . I helps define a metic topology on K.

a = Re(z)

b = Ou(z )



Check :

1
:

E+W( ) = ztw

르 zǖ zǖ

Alsos z W = zW

-> zW z . w = z. w .E .w = z .E . w . w

s JEw=티드 IW 12

⇒ 1 NI= 리티이l

Note : 1 . 1 satisfies the A inquality ie

IEI -EEL ≤ IE-E 31 + IE3 -E

2

Suffices to show that , 17 +z/< 141 + 1z2

P명 |+=LEGTEEJCET + EZ)

= 레러 + 2로 + 티Z + ET런
^ ~

(
1 없고러 + 규Z) = 2Re(러또)

≤ 리러트리

≤ 디테|레로 리티| · IRe(z) If /z1

드 ≤|레키레+ 리레 IZil ( J IJm(E|의 러
)

≤ 1테로 11라 211리 (∵ IER= ZE = Z . E = 1 E12 )
m

≤ (1 키)2 I7 E리

⇒ 11 +급라 의러시리



Similarly, (E1 +... +En)) 121 +. - . + Eul

Pf. By ind

say 14 +.. + En+ 1 = 1z1 +... + 12n+ 1

Then
, 17 +.. - + Enl = /E +.. - + En-11 + /zn/

≤ IEIt… + HEnl

Shown

스
1 t리 위레시러리

드
「 τπ 고리 = 키레 | E21

2 .

| E 1 = O ←) ε= 0

This makes 1 . 1 into an Archimudean nam.

Cauchy-Schwarz inequality :

忌 zewn
^ε1zu) ( wu2)



Pf . Consider-D0 for come y

Choose 3 in a clever manuel

Topology on K

The topology generated by

BCE) 9 ) = { W : IE - wke }

Ppt : (C) 1
. 1) is complete

Given a Cauchy seg . (Enbns, we want to

show it converges in K.

ie given >0 , IN st Vm, n > N
>
IEn-ZmIXE

Recall , ResWs , Im/w) < Iw/

-> IReCEnEmSICE & ISm(En-zm)lCE for nm > N

=> IRLEn) - RelEmS( < & 19m(En) - ImSEm) IE

=> GR(En)]ns
,

& (9mIEn)]
, , ,

are Cauchy seg



=> Ja,
belR ,

st 19-RelEn)kel2 & 16-ImLEnSkel2

=⇒ (Catib ) -Enl = (Ca -Re(En ) ) +( b -9u(on) ) i

= la -Re(zn)1 + 16-Im(zus/li
~ ~

≤ 12 ≤E12 남
≤ ε

Polar coordinates
^

θε $2π) E
σ

머

)
θ

z = a+ ib can also be stated '

in terms of 17180

z = 1 E1 .(cos(o ) tisiu( o )

But this requires rigorously defining sinf & cost.



Recall : Given a seriesFan ,
it is said to converge

absolutely if .lanlk ∞

Absolute conv .

- cour.

ie [lan/x , that is given E > O > 7N s .tFlank
n ,o

Consider En= a

Goal : Show that [En3nxo is a Cauchy seg.

Given E > O
, choose some N

. Then n > M > N,

1 tn - tmに an川 “ lak< e

Since K is complete, htn3n> ,
cour



Geometric series

This convages absolutely when 1711 .

Diveges when 1z1 >/

The series converges uniformly on BCOs1) & 11.

GivenFan(z-c

Def . R as 1 = lime sup lan if finite
R

R = 0 if him sup land" = -

R = * iflim ap lan
= 0

Then the series conv . inside 17-cKR

Diverges when IE-C1 > R & converge uniformly our

12-C19 for OXICR (when R > OS



We will study exp(z)=Ene
This converges on K-

Cost = exp(it) + exp(-it)

2

sint = emp(it) - exp(-if)
ㅪ

{E ,

whel

옳다 +.n= NH

(( - t )臨品 ) = ‰
で

一 ☆
”

z
"

= 1 - EN+
H

→ "zn =

1 - zN
1

1 ー E



⇒ limwe
∞
臨

'

z

"
=

limNsx( -

ZNtH
1

, if( Ekl

1 ーE 1 ー E

N
since when1zK1

, limit) = 0 & lime zN+ exists
N +-

N-D

Sim .

z Ea convege for 1z-CKI

↳
centre of
the power

series

More generally , consider[aulz-

Def 1-lime sup lan for OlimsupIanlm
R

R = 0 for lim mp land = a

R = 0 for lime ep land" = 0



Pp" : Let R>O

↓ If 17-cKR , ther the series conv. also

2

. If 17-CKR , the series diveges .

2.
on LEBCR) ,

the series conv . uniformly.

compact

Pf : Let c = 0.

1 = lime sup IanIm
R

LUt EEBOCR )

7) 130 et lEK1CR -

1 > /

& R

7N et n> N
,
them
1 > I amlim

⇒
1 7 laul

un

⇒ '

덟
"

, anllzm



-

>EI ,Elant
ー

lzke + LHS < *

다

n
Ianznl <∞

‰ lanEl に

。
lanz 'tnlanzl c ∞

Weiustrass M-test : Let open -2[D & GUn(z7]nx
be a seg of fur et lun(E)l-Mu Vze-L &

[Mn < *
. Then [Un(z) converge uniformly on h

어끼



PE .

3
. Choose &CR st Bolt)2

(Take (121 : ze) , choose 1 = mp(z) : zer])

We will show uniform cour. on BCO,1

for that
, find g st 19CR .

Apply W-M test toZanz for zeD(o)
find Mu s. t lanz"/ < Mn &EMn<

1z1(2 => 1z1 > nm

1 = limmplan & gaR
R

-> FN et lank1 VnxN .

su

Take M =

le for new

s
1 . Ianznl ≤M

Mn = lan9"l for OSU < N

=>

CIMm



Pf . of W-M test :

Consider fu(z)=E Uk(E) & we want to show that
벼

Efalz) 3 conv . uniformly .

We will show that for a find z
>lin fu(z) exists

by showing (fn(z)]nx 1
is a Cauchy sea .

Vzeel.

Given >O ,
consider Ifu(t)-fule)) for n>m

( a (t ) - fm(t ) 1 ≤ 臨my

luu(z ) l ≤ で Mc
k =m+ 1

Since Mr cour , we haveEME for some

So
> for n > m > N

, IfnCE)-fruCESIE

Def f :- & by
f(z) = lim fulz)

n- N

for uniform conv ., (f(E)-fu(E))=EntWU(z)
∞

≤게
(

ue(E)) < 않아Me



-> FN indep . of z s .tEMuz)E when I

So ,
cour is uniform .

Pf .
2

. Of 1zDR
.

Choose 9 > R s .t 1z1 > 1 > R

-> 11
= lime ap I an

Q R

There are -many n et Islan - 1 <lam)
Λ 9

u

⇒ 1 z 1
n

< lanl 1 z /
나

뚝
-

> lant" > 1 for -many n.

-> [Anth diverges



Plan

Approach

1 Def explt) =Ee
2
. Justify eF = exp(E) makes sense

2. Def . cosCE] & sinCE] in terme of exp(E) .

What does z"mean for z,WEK ?

What if WEIR ?
What if we<o ?

(E ≠ O ) E
=
1, Z

"

= E - E … E

_

n-times

Def . Em as any complex no . St its with
power

is z.

Def z에산

·: QIR is dence , we can define z2F HEIR
.

Ther zwwlogh select a branch of log



Where does explE) series conv.?

HEE ¢

IIn

Approach 1 : Computelimeup
n !

Lem : In case lime an exists ,
then R = lim am

n- w n-x

ant an+

Pf : het us name ein an = a

us∞

ant

We will show x = R

X CR : If < = 0 ,
then XCR .

Else , let 0.

To show XCR , show that 17kX , then [lanzl
n ≥ 0

Choose 1 > 0, s .
E 1EK1CX

find N st r < an Vn > N

an+ 1



Def . B = lanl en

Consider 19nle
**

= 19NH +law/1N < law/rN = B

뼙

By ind"
, lanle" - BY n> N+

⇒ lanEul = lane" { "
≤

B " fornyN.

-> E lanELIE BEN>
⇒ Series converges

=> Ze Blo , > makes series converge

⇒ α ≤ R

xR : For showing R12 , we show 171 , series diverges-

Let 121 > a .
Like earlier

,
choose >x s .t 121 > 1 > X

Then FN s . E Vn > N
, 1au1 < 1.

lan+ l

Choose B = 1aNRN



Like earlier ,
show that lanev13B &n > N.

-> lanEr1 > BZ- as ne

= Suies diverge
- xx R

Hence , < = R
.

For the exponential series,

R = lim an = lim nal =∞

ns ∞ ns ∞

auf E

Hence , the series conv . on the entire plane.



Recall from real analysis,

exp(t) =Et
에

a = expels = =intell

et =0"

n! )*=±t

^
/n !

Idea :

1

. Taylor expansion is unique

22
find fa

' (
o )for f( ←) = et

Define coslt) = et+ eiz
,

sin(z) = eit- eit

2 i

Power series expansion of costE).

eit . Liz) ^
=

E - 1) ^
z

~
←

臨 (- 1) ^
z

2
n- +

=0

n 에
어= 0

(2래 ! (2n - 1 )



恐総瀣慈登歩
Differentiation in C

Let f : -2 C be a fur defined on some non-empty-

st int1+0

We define the derivative of at zeintr

f'(z ) =lim F(z+h) - F(E )

h+ 0

hEC a

given that the limit exists.



Lum : Diff .
- Continuity

. lim f(zthS-f(z) = lime fizth)-flE) . h
h- 0 hso h

=

eme ofea' ) (eim.
a )

= f(E ) 0 = 0

Path : Path inside X is the image of (011]
under a continuou map . Is

V : (0, 1]- X be a cont-map .

UIt) is called a path from pl0) to (1) .

Jun
a

eg
: V(t) = t+ it

a

lti

> Re

connected + open set = Path connected



Lem : If REC is a connected open set with

7 1
+ Det f(z) = 0 VzeR

,
them f is

constant on R.

tw +(l - t)z

Pf : Suppose It is conven.

Consider zer & wer

het 2. = f(E ) D.
To prove

: f(w) = zo

Def . glt ) = fltw + ( i - t) t )

&gCES = ·FILEN + C-232) . CN- 2 (Chain Rule
_

ㆁ

->> g : IR -+ C has g((t) = 0 = g(0) =g(l)
⇒ f(W ) = fCE)

Recall , if g
: (a) b) + R is st g(m)

= 0 Vue(ash)

& g is cont .
on (asb)

,
then g is const.



General case
:

(2 need not be convent

Consider a path UIt) from z to w ie (10) = z

&อง13 - W.

g (t ) = f(r( t) )

=> gIE) = ·FINIE) #At
may

ㅢ

not cust

Instead
, we will by the following.

et 20 = F(E )

」
Define A = GUEe2 : f(u) = zo) i

{

* O since zEA. ω
Claim : A = 1

By showing A is both
openI

closed.



A is closed : Let Gunin, be a Cauchy sea in A.

i.e f(uns = to f n > I

lim flun) = lim zo = zo

n→∞ n + 0

=

f( limmsa un ) = to Lif is diff, it is cont . )

-> lim UnEA
n +x

Hence, A is closed.

A is open : Consider -30 ,
et Br(t)Ed

Claim : 1z(E)[A
Consider any af Bale) .

· BILE] If is a conven set
, the line

Y(t) = at + (1 -t)z2 Be(t)

Then g(E) = f(UCES] satisfies

&

g(t) = f(u(t)) (a- z) = 0 -> g is const.

~dt
ㅇ -> g10) = &(/

-> f(z) = fla)



⇒ BELE ) ≤ A

Hence , A is open.

Since A0 , therefore A =1.

Differentiating power series

Consider the power series f(z)=Ianlz-
with R > O

Claim : f'(E) = [ann (z-c)
*-1

니지

PF : Let g(z)=IannCE-c

We will show that radius of conv - of g(z) is also R.

g(ε)
= [ ann (n + 1 )(Z - c

)

n≥0

Consider eim up
(n = lim up elogi

m

n+ n-

=- itim sup loginti
( : en is나

= e
=

여 increasing
limsup f(un) = f(limmpun))



Consider lim up lano the series

h(z) =[ anx(z-2)
h

=> f(z) = ao + h(z)(z-2)

-> f conveges
ES h converges

-> ROC of h = R

Sas linmmsa hup lanl
lln= I / R

Hence ,

lime suplan (n+ >1 " = live up (lan-1" Intm)
Us ∞ n-

= lime sp lant"". Sim mep In
m

ns∞ n- -

= I / R



Let z, we B
,
IR) & consider f(z)-f(w)-g(w)

Z- w

Them we takelim of aboveI show that it

z-w

equals 0.

f(E] = 臨 an(t-c)
”

=

。
“

an
(a - c )臨 wan(E-c)~

〜 _

Sm(z) Run(E)

f(z)-f(w) -g(w) = (Sm(z) + Rm(E)) - (Sm(W) + RmIN)) - g(wl
E- w z- w

=

(Su
(z ) - Sm (w) - sm (w ) + ( 1 )

z-w )
+ sm (n ) -

gana
,

" + ( Pu(z) - ruln) )
z ーw

RmIt)-Rm(W)=anlz-c-Eanlu s
나

n=m+

=E an (CE-c"-cw- y

Ei = E - C , Wi = W - C

E"- ω i

"
= ( E1

- n . ) ( E,

^
1 +z

1"

☆
、

+ … +zn,

^} ω ,

n"

)
ー

( - w )



RmIE)-RmIN)Elan) (INIM..w
z - w

Choose S > 0 st1z-wKS & 17k /Will < R

=> RmIE)-RmIN)>E lan wet
z - w

ー

Tail of absolutely
Conv

. Series

< /3 for m > Ni

for some N
,
E

> o

Sm(W)= an(w-

-> Sm'lw)= ann (w-ch

Sm
'

(w ) - glw ) = -

.
Eyan' n

( W- c ) "
-"

-

> ISmIn)-g(w)1 < E/3 for m > N2 for some N2E *> 0



Choose N = marhNicN23 S . t X m > N
, (2) & (3) <83

Pick m = N
,

choose S > 0 s .
t

Sm(z)-SmIW)-sinIws < Els

z - w

When 17-w/ < S

g(E ) = FEZ )

n
ー 2

g2(z) =

2 n (n- 1 ) au ( ε - c )

gz(z) by same logic has ROC equals ROC of g(z)
= R & that g2(z) = g

'
(E )

By ind" , f(z) is smooth inside B
,
(R) with

termwise differentiation .



exp(E)= cour everywhere

Als o now,

dcupCE) = Emery = emple

By termwise diff. & sin(z) = cos(z)

dz

& cos(z) = -sin(z)

z

for seal t, et= emple) & also #det = et

. Notationally , it make sense to write exp(z) = et

Ppts : ea+ b
= e*. eb V a,

be C

Let g(z) = 19-z . et

⇒ g
'(z ) = - ea

- t
. ett ca

-

ieE = 0

922) = const = 910) = =2.2 == ca
-t .
et

=
e

Take A = a-z, B = z & A +B =a + eA . eB = eA+B



Show explEs = exp(E).

For OEIR , we get

lenp(i0)1 = exp(it) exp(it)
=

eup (io ) eupliθ )

= eupCiθ ) eup(
- iσ )

= exp (iθ
-

i θ) = 1

Also , exp(iO) = cost + i lint

⇒ lemp (iθ ) "
=

cos
'
ot sin

'
o = 1

So
,

(COSO , sint) satisfies the equ n+ y=1

Now , we need to justify ↳ 어

。

P
the point P on the circle

ㆁ '

is given by (cost , sint]

: Given two firs f & g F = arc length
1. t f(t) + g2(t) = 1 does not of unit circle

imply that (ft) , g(t) parametrize
the circle · eg

- f(t) =
t, g(t) =FEz



Def . U(t) = (cos(t) , ein(t))

cos
(
t ) t sin(t)= 1

So
, y lies on the circle.

Axc length =

(
*

10t) dt = f
*

1dt = 0

Speed of motion = ('(t) =

(- ein(t))+ (c0s(t)S
2

= 1

For U(t) , even 18"(t)1 < @

This means we're only moving in one direction-

either clockwise or anticlockwise

UCO) = (O) 1) - we're moving anti-clockwise.

We just need to show that primeter is finite.

So
,

we need to bound arc-length
by two convex curves.

This boundedness argumentequires
circle to be a conven curve.



Def as 25 ,
thesmallest prod of colt) & sin(t)

.

et = ea . e = ea(cos(b) + vsin(b)) for z = a+ ib

et : IR- Ryo is surjective
& cost) : IR + (-k 1) is also surjective

Thus we may write , z = let for 10 ,

where O is called the principal argument of z.

Not" : ang(z) = (O +hnD : nEX & FeRR e . t z = ei0]
티

Define for z 0

Define Arg(E) = 0 for which - DCE _ D & Etang(E)

log is defined as inverse far of exp.

Domain of log isK1GO,

log: ¢1403
--> ¢

log(2) = log ( IE/ e

= log((z1) + it



log(z) = (log((z) + 10 : Ofang(E)]
= { log ( IE1 ) t i (θ+ 2nπ ) : θ= Aeg (z)

,
nex }

Def . Log(z) = log(Iz1) + it
,
where E = Ang(E)

Cauchy-Riemann equs
Let f : 12 - @ be complex diff . in lime f(zth) -f(z)]

hso
exists V zE int(r)

.

h

Let flating) = uly) + irly) where 40 : R-IR

If heIR , lim f(zth ) - f(E )

h- 8

hEIR
hu

= lin (u(x+h(y) + iv(n +h , y)) - (u(y) + iv(uy))
h→ o h
hEIR

= lim u(n+h, y) - u(ny) + i lim ~(2th, y) -v(axy)
h- 0

a
h- 0

h

= Ou(x, y) + i8v( ,y)
on au

= ux (n ( y) + ivu (a,y)



If heiR , replace h with ih
,
he'R

f(E) = lim f(z + ih) - f(z)
h+ 0

ih
hEIR

= ein (u(x, y+h) + iv(x, y +h)) - (u(x (y) + iv(y)]
hto

hEIR ih

=

- i limu(x , y+h) - uly) + limv(my +h) - v(a , y)
h- 0 h- 0

h h

=
- iky(a)y) + Vy(x, y)

Comparing IR & iR parts ,

-> ux(a(y) = Vy(x ,y)

Yy(x , y) =
-Vx(xyy)

known as the Cauchy-Riemane equs.



& UV : IRC-IR are st UV satisfy CR eque & use CCIRY

them flicting) = u (xy) + in(a(y) is K-diff -

Hint : If ueChR4 ,
then uny

= Kyn)

Let f : - - Dst u or v is a coust
,
where

f : +D is diff . & is open & connected
.

Then > f(z) = Un + im

Let u(x , y) = const . - > Un = Uy
= 0

=> f(z) = 0 + ivn = 0 - iky = 0

-> f is a coust on 1.

-> f : -2+ REK is diff . -f = const



& f = u + iv & f is K-diff , then Uluey) & vEy)

ar harmonic fars is they satisfy the diff -

equ,

(u) u = 0

Assumption 1 :

To show this
, we assume that we know if f is -diff -

them t is also K-diff
2

= u,
v = C(IR2)

Notices Usa + Lyy = (4x( + (Uy)y
= (Vy>x + 1- Va)y

= Vyx-Very 1 :: If ve CIR2) <

∅ Very = Vyze

Sim
· fr v

, Van + Vyy
= 0



① Given ne <(12) & Unn +Ly
= 0

, does there

exist veC(R2) st utiv is K-diff

92. Given ue C(IR2) & unu + Uyy
= 0 ,

then ue (PCIR4

Assumption 2 : If REK is open
& connected st

f+ is diff . on 1
,
ther Fg : r+ C et f = g.

# Given uE (4R2) , def. h : 1- C by
h(ntiy ) =

un(n,y )
- iuy(n, y )

CReqts :

1: Una + Uyy
= 0

-> (Un>e= Una =

-Uyy
= (-UySy

르
∴ UE CLCIR 2 )

-> Uny = Hyn => (Unly = - (-Uy)x

Hence
, und - by satisfy CR eas.

Indeed ,
h:re & is K-diff



By Assumption 2
, 7f:+ D et fl = h

Let f = u, + iv,

fix pt . zoe 2 & fudge u
, s .

t u
, (z0) = u(z0)

Then , f' = (USx + :(vi)n - ( 1 )

=(Vily - iluby ( by CRequs) - 12

Also, f= h = un-ivy - ( 3 )

2) & (3) => (uSa = un -(41 - uSa = 0

(2) & (3) => (43y
= Hy + (u - u)y = 0

-

> U,
-U = const

-> U , (70) - u(zo) = const

-> const.= 0

Hence , f is diff . & Relf) = u.



path integral
Let v : (ac b) - C be a cout .

map bea path.

We call y to be smooth if ult) exists VtE(asb)

& also lin y(a +h)-y(a) & lins VCb+aS - V(b) exist ,

h+ 0 h-0

h > 0
h aco h

and y'(t) + 0 for telab) & Ve C'(lash)]

g
: U (t) = (coLt), einCt))

Two parametrizations V1 : (a, b) -> ¢ & Uc : (C d7 -+ D

are called equir . iff F a bij o : (asb) -(d) with

o monotonically increasing with of C'((acb]) &

VI(OCE)) = Vi(t) F teCash)

Family of equivalent parametrization defines a smooth

curve UCK

Note : Vi(t) = (Cos(t) , einCE)) , tE(O ,2i]

VzCt) = (cosCES , ninItS) ,
teCO ,YT]

e, fo Ve



Closed anve :

V, (a) = V(b)

Simple curre : If VICE = Valt3 iff t, = >2 on

if tift , then t = a & te= b

Piecewise smooth curve : If 7 newso
st for

U : (a, b] - K
,

7 a partition a = aoa,< ...
< an = b 1 . t

Y is smooth on each of Cai , air] - oxisn-1

i Hi
C

eq
:

U
^

δ
'

i

Def /Hz)dz=(AUC).VEa
Note : This integral should be indep of the parametrization.

We should have VvUneff(z)dz
=

Cf(z)
Check : [fUCE . vilt) dt =f ft)) .Uiltd



VI-V2 means 70 : (asb) + (Gd] s . E VICOCESS = Ult]

&
"

FINCE - VICE) de = fIROCE)) · UW(t)) WIE) de

Let s = 5(t]
_

d

fluzles- Viles de

ds = o t) dt

d
"

s !
^

Length of curre : = (17) 1 de

Inquality :

(fz)dz) <ey Ifzl engtly
e



Ppr : If f : M- & is st Ef : +C with F(z) = f(z) -zeC

then f(E) dz = F(WI) -F(N2) where p : (asb) + C & wi = play{ we =ข /b)

Pf:/fz)dz
= /HULUCE) dE =FUE

=13&(ANGE) At = =FL(4) - FILA

Thus
, iff has an antiderivative (primitive) it -F e . t

F= f & J is closed curve , then f
= 0

Note that this implies that I/E does not have a primitive
in DCO, ) = { EE¢ : 1 E 1 < 1 }

Why ? Show I closed y e7 + + 0 for f = 1/2

γ (E) =

( coct ) , { in(> )
it σ

=

主
C )

tcCo, 2π ]

0(

0,)

γCt ) = i eit
Ʃ



ifaz %”品氏
= 2 π0

Thishappensbecaulog Loga

From this
, we also have t= 0 & f = coust Onrca

Let zoWel st 7 a piecewise smooth path y from
zo tow

,
then

few ) - FCt 0 )

= f'Cz )dzgoda
= 0

→ f(w) = f(20 )

PF : A = {WER : 7 piecewice anooth yfrom zo to w]
A= RIA

A is open
: het>O et BLET-

Then BzolE) [A

(: Bz(E) is convers , I straight live path from zo to w

which is clearly smooth



Consider ETO s . t for WEA , Br(e)[L.

Then 7 smooth path from W to NEBWIES & then

the concatenated path joy connectszo to W.

-> wEA => BwCES [A

A is open
: Consider WEA & choose >0 et Bwlt) In

If WEBwIfS et NEA ,
then 7 smooth path J from

W , to w => W can be connected to z
-> WEA-Could".

So
,

A &As are both open & AUA =-.

However ,
M is connected + A = 0 or A= 0

·: zotA - At0 - A=0 + A =1
.



Thm : (Goursat's Thmr)

# LED & T is a triangle (closed set
,

which is 07

with interior included) & f is diff on 1 , then

·AE) dz = =0

「
(0 )

. Have , y(0) y()-T
!)Ts() Ty()

T
π
(1 )

(similar)

펜
' su )

Ty
(1 )

‰
deo,fCo)dos「 “" 「「

” 「”

「

…

ront ≤anf ≤a feousf
≤ ate

fyasf
s an

flast
. Perinutes of 27h) = P

~

Diameter of (TM) = d

µ



Notes +(0)2yz ...

=> lim diam(TM)) = 0

MID

-> 2= singutonet

= { EO } E R

f is diff .
at Zo.

→ F(E ) = F(t0 ) + f'(z 0 )( E-20 ) + φ ( z )(E -20

where ZE BCEO, ES = M & Time. 49 (23 - ·

Now

,(fz)dz = f(zodz +fo(z-todz(n ) Eus

〜 ~

ㅇ

↓I primitive exists
(← -: b

9
m )

& bley is closed

/1 . dz = z
∅

=

{ O(z)(z-zo)
de

)

< cup Y(E) (Z-z0) length of 27h
zeapiny

≤ sup
zeayins

Y(z) . d .

p
n

2
n

2



∴ sup φ(E) = Euso as ns ∞

EET
(에 )

∴

If
> 4"End p = Eudp-0 as we w

gn
∂T(07

s

beonf=
0 "

fcoif
= 0

Tam : A diff - fur in an open disc (conver set] has a

primitive i.e if M = DOCGR) & f is diff on 2 the

- F : 2- ¢ s . t F(z) = f(z)Vzer .

^

PF : Def. F(z) = f(w) do

{
,싫. '

Goal :

1.

F is diff

르
'(E ) =

F(E) ie

lim F(zth) - F(z) = f(E)
h- 0 a



zth

: F(zth) - F(z) ⑤: ^℃

Uz ta Veter=

「 「 “ ! 「

① ③ ④
Rect . made ;

②

2,
3

, U ,6 of 5 ,
6, 7 ั Relzs"Ri(z+el

…

· ㅇ

s Flzth ) - F(E) = Ih few) aw

f is diff . at z-f is cont - at z.

=> fl2) = f(2) + ↑(2) where tim NCW) = ·0

→ F(zth ) - F(E ) = { f (w) dw =

名 Flz ) aw + { 4(w ) dw

= fCE ) h tIu ψw ) dw ( ∵ fldw = h)

⇒ (E 타h) -F (E ) =flz )

+ , ψw) aw

h

:f NW > dw > I sup 1NCWhe{ h wen

=Mp /N(0) - 0 as he 0

we(z, z +h]

: lim F(zth) - F(z) = f(z) e> F'(z) = f(E)
h- 0

h

Rem : The same construction can be used for any conven set.



Result : Given an open connected REC & two pts . z,
WE K,

I a polygon line (a concatenation of finitely many
horizontal & vertical paths) that connects z & W.

Pf : fix z .

Def . A = EWEL : 7 a polygon line connecting z &w]
A

=

_RIA

Goal : A is open

Choose WeA
.

Then chooseO s . t B(W , E) Ch

& show B(w,t) @A .

= V W
,
< B(,E ) > WA + Blue) @A

=> A is open
↳ C: 7 polygour line connecting w, tw]

Goal : A is open

Pick WEA? Choose > O s .
t Blue) [M

.

Let we B(w , t)

& WEA ,
then WEA

,
which is a could"

-> B(W,E)[A2 -

> At is open

· AUA" = -(connected) -> A = 0 or A= 0

But since weA
, At -

> A = 1
.



Cauchy's Thur for a conven domain

{ f(z)dz
= 0 whee f : 1 -+> C is diff .,

I is conver & open & Y is a closed curve.

More generally ,
we want to establish this for

simply-connected domains

10 for some non-simply connected domains)

Simply connected domain :

Let V : CO11] - -2 , 82 : 10 , 1 - -2 (where y ,
& ve are cont. )

1. V, (0) = v2(0) & V, (l) = Vell>

We say V, &2 are homotopia ,
denoted by -V

if there exists a cont · fur F : (01X(0, 1 - 12 et
w

time curue

F ( O, t ) = γ . ( t )

FLIE) = /2lt



We sayI is a simply connected domain if given I paths

2) & +2 with V, (0) =V(O) & VillS = Valls the -On

ef: !
Disc (0 , 1)

F(b, t) = (1-1)y(t) + syz(t) ""
p

(∞ )8.
(t )

+0827

2 non-example
Anmulus

¤
γ



hemm : Let D'= Di0 , 131651 ..., Eu] where G,, .

.., Eut K
.

Let diff . f : D- ¢ e . t eim (z-(i) f(z) = 0 0 Ki2n.

z- bi

Themt
= 0 for any

closed care YeD

Rem : Points Si with lim (E-Si)f(z) = 0 are called
E → li

Removable singularities of fo

hem : (Supporting)
If R= R1231 ..., (n) where R is rectangle in $ &

f : M- K is diff . Stlin (z-hi) flz)
= 0 V kin,

them (f = 0

2R

Pf : WLOG, assume n = 1 ie. "min1z-el

}√

= alz a

only one exceptional pt. '

우

where R is small is given

E>O we have If(z)I < E for zeOR
R

_

1 E-yl b

(can choose square



-> f(z)dz <eu (f(z)
. lngth COO

햐
< E Mp 1 · length (OR)

Zeer 12- Gl

≤ ε . 2 . -4 a =8

a

Since > is arbitrary f =

Pf : Possibility 1 - Center of disc is not any Si

ZDef . F(E) =

/ flw)
dw

ซา ข. ซั
_

の志
By supporting hm.,

# is well-defined
¤

ie ( +=) t
=

t
e

Choose E > O st BlayE] &D% 0, 13 1991 ..., ful

& choose h st zthEBLEE)
.



Then F(z+h) - f(z)

=/f(w)dw
= h . f(z) +4(z

h es

Possibility 2 : Center is an expectional pt.

One may generalize this

construction to any simply E <

m

^

connected domain. ⇌
9 to

Jordan Cueve Thm :

Given a simple closed curve YEK , KKV3 has

exactly two connected components

Winding number : Let YCC be a closed piecewise smooth cure

& acCIdY] .

Then

{ dz
= 2 pin for some integr e

n is called the winding number.



Pf : het V : (, B) - K with 2() = UIB)
_

Def . h(t)= ves de

v(x) - a

(Here , ascume J is smooth

Then by FTC
, ht) = y(t) for te(x ,B)

U(t) -a

Consider g(t) =

e
-h(t)(0(t) -a)

Then g(t) = -h(t) ehIt) (y(t) -a) + e
-h(t)(y'(t))

=> elit) (- /(2) + j'St)) = ·0

Then g(x) = g(p) .

A6o , g(x) = e0 . (y(x)
- a)

glp) = etIB) ( 018) - a

〜

γ(a )

s c
-hcp

)

=): q) =
"1

⇒ hCp )=z πin =
,

"

un.
℃ - fa
K



eq
:

! U = cD(a, R)

Parametrize J as

γ(t ) = at Reit
,

te [o, 2π)

ThenI M! Rieit
t

neる
。

z = at Reit

dz = Rie"tdt

2. If Ult)
= a+ Reit but tECOYD) ,

them

π

aS
.

ta
dt = 2

3
,
γ= ∂D(C , R )

,
atc

π

iReitdt =?
"i

ㅣ

π. !
"

C+Reit- a



pph : The winding no of every point in a given
connected component of KKV] is the same.

Recall : Given an open
connected set 1

, any two pts.

a& b in - can be connected by a path made of

finitely many
lines

.

Pf : Let all be two pets . in the same connected comp.

-> of Iy3 It the line segmentLasb) lies inside M,

Goal

:/d) T
ie

t ! (ala
'

2s )
at = 0

.

Strategy : Show that1-I has a primitive in 1

z-az- b



considen the fun g(z) =

rog(z-

When zee((lasb) ,
then z-a = (1(-0 , 0]

E - b
line joining

a & b

7.
: otherwise z-a = -1 + z =

(a + rb + ((a,b))E-b He Itl

Log is diff . on Kl(-0 , 0] & derivative of Logins is I

ω

-> 1-1 has a primitives which we just
Z - a E-b

said was g(z) =

Log)EG) and g(z) is c & dif

on (1-0 , 0]

->

I eta-it
= 0 fou y closd



Cor : The winding no - of a D(CR) about y = XD(R)

equals 0.

pf : consider n(xa)

=)d

e

ODCGR )

=I
a

OD(OR)

Where beD st 161 is sufficiently large.

π

ㅣ
. iReit dtThem nival I So abtret

= 1 CDR = 2RCE for 1b1 > IR

β
2π 1 b 1/2 b ε

( Observer 1 c- b + Reit > 11b1- 1C + Reit '~

Choose b 2(IC +R) ≤ KIHR



Cauchy's Integral formula

(for a disc)

Let f be a diff. fun def on the open
disc DOCIR)

Let LVSEDGR> & aEDORS 1dv)

Them1( H
dz = faulyAs

Pf : Recall that if g is diff .
on DP(GR)KE ...,

ful

and lime (2-bi) g(z) = 0
, then

(g(z)
dz = 0

z- hi

where [03 -DOCGRS19 ...,
ful

We apply this to F(z) = f(z)-fla)
z - a

=> lim (2-a) F(z) = lim f(z)-f(a) = 0

En a E sa

& F(z) is diff . on DGR) (a) because f(z) is diff

&there I is diff there

z-a



“

!
E)dz= 0 “

↓ @t = !
a

= f(a) -n(y , a)

Then : If f(z) is diff - on 1
,
then it is smooth on 1

Approach : We prove Cauchy's Integral formula

F
(" '(← ) = n ! { fews dw

2πi

ap

(w - z )
u+

1

where ID is the bley of a dis DEM traversed

counterclockwise once & zeDo.

Note : Need to justify diff under the integral

We prove a slightly more general result.

If y is a closed path & C is do . on 203 ,
then

En = y(W) dw is diff. . & Fu(z) = nF+
(E).

ㅣ (w-z)

γ



Pf : By ind"

Base case
:

n=1

chose s smalenough
훙

BCZ, 8 ) ε C1 {γ }

Goal : ein F
, (z) - F, (z0] exists

.

z- Zu E - Zo

Take zEBzolSR)
Ther dist (V) Bzo(S12)) > S12

To get a grap ,
let's show F(z) is ats .

at zo

Consider FCE)-F(70) =

141)
dow-

{ P(w)
du

W - z W - Zo

=

!
φ

w)( E -zo)wz

)lin-to,

dw

= (E-t . '
f

φaww

-zy( w-zz ,

an

_じ、
飛に ' < length(y)aup 14(W



By Dominated convergence thm,

lim F( z)- P ( E0) = %

≈ ( ω蕊- to ,

dn

E→ to
E- to

=Levidw =
·File

For indh, assume Fr+ (z) = (n-1) Fulz)

Goal : Fu'(z) = uFn+ (E)

T'fore corsider,

Fn(z) - 的(E0 ) =

{ α-
φ ca ) an

{ (N-zom

=

)4W (-zo)dw -

Y
d

T
T

(w -z) {
~

1 t (E-Eo )

(a - E )

=

() eliow-f Cli
on ) +E -. ) .

φus dw

(w - tncw- zo )
a

(w-t )

① ②



Notes line O = In-1)+(20) (By DCT

↓Pstos knteat -intent) an

=

{
!

品
, 恐

G

)
ut

-cw- z ,h
"

ajntow
-zojuy

dw"

a = w -to ,
a
" -

b
" =Ca - b )Can' tans t . …

+ ab
"¥ b

^"

)
~

b = W - E , (E- )

lim b = a

E→ to

-> lim a"- bh = (n-1) an
+

Eㄻ
a-b

≈
。 昆

=

Fu
+1

( z0 )



Moura's Turn : If fir-K is Its . S . 7) f
= 0 for every

closed path U ,
ther f is diff

Pf : Fix zoEc and def.

F(E) = fln ) dw where y(0) = zo) y(1) = z

{
Since for another pathi from z to zo

,
the closed path

VO75) satisfies (f(w) dw = 0
,

we have

γ o(-γ ,

v,「명심
“

” !f
So , F is well-defined

By construction done in the proof of Goursat's then,

FCE ) = fCE )

: F is diff - F is ets.








































































































































































